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NOTICES

When Government drawings, specifications, or other data are used for any pur-
pose uoher then in connection with a definitely related Government procurement
operation, the United States Government thereby incurs no responsibility nor any
obligation wnatsoever; and the fact that the Covernment may nave formulated, fur-
nished, or in any way supplied the said drawings, specifications, or other data,
1s not to be regarded by implication or otherwi<e as in any manner licensing the
nolder or any other person or corporation, or conveying any rights or permission
to manufacture, use, or sell any patented invention that way in any way be re-
iatea thereto.

[

Qualified requesters may obtain copies of this report from the Armed

. Services Technical Information Agency, (ASTIA), Arlington Hall Station, Arlington
' 12, Virginia.

Copies of WADL Technical Reports and Technical Notes should not be returned
to the Wright Air Levelopment Division unless return is required by security con-
siderations, contractual obligations, or notice on & specific docuront.
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TOREWORD

This report was przpared by Gereral Mills, Inc., Minneapolis, Minnesota,
on Air Force contract AP33(616)-7.00, under Task Nr 50855 of Project Nr 5215,
"Stellar Aberrascope Study Final Report". The work was administered under
the direction of the Navigation anu Guidance Laboratory, Wright Air
Pevelopment Division. Captzin David Mey and Mr. Jown Zin. Zrov.aed tech-
nical cogiizance for tne labora*ory.

The studies presented began in June 1960, were concluded in Decembper
1960, and represent an effort of the Tracking and Control Laboratory,
Engineering Department, General Mills, Inc. Charles Eunurian was the
engineer responsible for directing the study.

Although the study was a group effort, the chief contributors and their
fields of interest were: R. Lillestrand, concept design; C. Eumurian,

J. McGillicudey, and G. Beck, mechanization; J. Hamilton, detectors;
R. Ginsberg, optics; R. Carlson, instrumentation; J. Carroll, error
analysis; and C. Grosch, system analysis.

This report concludes the work on contract 4F33(616)-7h00,
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ABSTRACT

A satellive orbiting about a celestial body, equipped with a device for
star tracking, will observe that the stars sometimes pass beh_nd or emerge from
the 1limb of the body. I% is shown that a measurement of the times of six inde-
pendent horizon star trensits will permit the determination of the six para-
meters of the satellite orbit with respect to inertial space. rom the orbital
elesents. the altitude and sub-satellite point can ve aeterm: ..a as a function
of time in a self-ccantained manner.

Since the topographic irregularities of the planetary surface and the
varicbility of the atmospheric transmission due to clouds and other sources of
attenuation in the atmosphere might introduce large errors into the tranci
time measurement, it 1s proposed that star transit measuremenis be mede while
the light ray is still high in the atmosphei.. The time of star transit can
then be defined as that instant at which the refracticn or the attenuation of a
star image has bullt up to some predeteimined value. Each celestizl body re-
quires special study based on the characteristics of its atmosphere - if it has
eny. In the case of the earth an investigation has been made of the use of
atmospheric refraction or spectral absorption at altitudes ranging from 100,000
to 200,000 feet. As a result it appears that rms errors in the altitude of the
constant density surface will not exceed a distance of one mile.

In contrast wit.: spectral absorption which is a scalar quantity, the atmos-
vheric refraction is a two dimensional vector. Thus, by measuring the direction
of the refrection in inertial space as well as using lts magnitud: to derive the
transit time measurement, it is possible to derive all of the orbital elements

with only three independent horizon star transits. If we can assume that the
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srbit is circular tc an acceptable degree of approximation, it is possible to de-
rive all o. the information necessary for a self-contained navigation system from
orly one star transit. This can be done by measuring the two components of the
refraction vector plus the time rate of change of refraction.

An error emalysis has shown that typicelly this technigue will enable us to
define cgur position to within about two miles fo.' an earth satellite if each rms
transit time error is one-tenth of a second. Error sensit:. ..; cosfficients are
shown for various orbital planes. Of particular note is the ,act thal the orbital
period can be de*ermined with extreme accuracy, and therefore tane semi-major
axis of the satellite orbit can be calculuted to an accuracy considerably better
than one mile.

By means of additional star transits or by measuring the time of passage
into and out of the shadow caused by the sun, it is possible to define more
than the six basic parameters. The two or three parameters of an aspheri:ally
shaped isorefraction surface can be derived, thereby ziving an estimate of the
shape of the central body. If the planet is a spheroid, the spatial orientation
of the axis of symmetry can be computed. In addition, an independent determina-
tion can be made of the mass of the planet.

The refraction measuring instrument (aberrascope) consists essentially of o
palr of opposed optical systems which are attached to a centrel housing contain-
ing the error detection system. The identical optical systems are the Dahl-
Kirkham type witi a 100 inch focal length, L inch aperture and 8 inch separation
betveen the secondery end the primery mirrors. Vycor brend glers will be used
for the mirrors and 36% Nickel (Invar) will be used for the optical system hous-

ing. The wall thickness o¢f the conical optical housing will be 0.05 inches,

vi
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this thickness will be sufficient to meet the rigiaity and vibration require-
ments. The housing for the central portion of the aberrascope will be fabricsated
of lighter matcrials than Invar in order to reduce the over-all weight. The
over-all length of one aberrascope is envisioned as oeing 24 inches. A system

of two aberrascopes is pictured in the frontispiece and the over-all dimensions
are 24 inches x 24 inches x 16 inches. It will probably weigh 50 pounds and
consumc 80 watts of power. The neasurement accuracy ~f the .nstrument will be
0.1 seconds of time; it will essentially be a time measuring instrument. The
over-all system accuracy which can be achieved is 2 miles or smaller (one

sigma error).

In place of rotating the entire aberrascope, the knife edge error detector
alone will be rotated. This gives the single-axis instrument a two-axis capa-
bility. The rotating knife edge can be made small and completely encapsulated
in 1ts owr environment, thus avoiding the protlems of rotating elemenits in a
vacuum. The motor which will drive the rotor will be built right around the
knife edge bar. The incoming stellar radiation will pces Liaru a window on the
rotating error detector package and will impinge upo:: the rotating knife edge.
From this knife edge, the stellar radiation will be reflected onto an ellip-
soidal mirror which has alteruate transparent and reflecting surfaces. Thus the
energy will either be reflected or will pass thru the mirror. A second ellip-
svidal mirror will reflect the energy which passes thru th: first mirror into a
second path. Thus the energy will ultimately arrive at one of two photomulti-
pliexr tubes, depending on the type of surface encountered at the first mirror.

t is difficult to abstract the rotating error detector: the body of this

report must be studied in order to anpreciate the salient features of this

vii
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device. This rotating error Jeteclor is the very heart of the aberrascope and

its unique capability {in combination with the photcmultiplier tubes) can be

su~med as follows:

1.

2.

3.

b

»

The incoming radiation is used 100% of the time,

One piaotomultiplier tube can perform the entire itracking
function exclusive of the operation o:* the other tube.

Chopping of the incoming radiation is porfaym~? ',
rotating the image, thivs simplifying the sys«-i.

The rotating knife-edge operates in a sealed environment.

The entire rotating error detector package is translated with four servo

drives into a null position where the steller image impinges exactly on the

center of the knife edge. The outputs of the aberrascope will then be the

output of two interferometers which measure the translation of the center of

the rotating error detector. When one star line-of-sight dips into the atmos-

phere, refraction wil, build up and one end of the rotating error detector wiil

shift accordingly. Wnen this motion (refraction) has built up to a prescribed

level (8 to 10 seconds of arc), time will be recorded erz an occultation will

be said to have occurred.

The equationcs for determining the orbital parameters from the occultation

times are given in the body of this report.

The solu‘ion of these equations as

well as the equations for determining the position ove.” the earth from the

orbital parameters will thus locate the sub-satellite point on the surface of

the earth as well as indicate the altitude above the surface of the earth.

. | Hoprpprt
B ot

Mandger
Tracking ard Control Laboratory
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RECOMMENDATIONS

As a result of the informetion contained in this report the following
recommendations can be made at the present time:

1) Saince the potential accurany of the aberrascope occulta-
tion technique is about ten times greater th-n the
eberrascope aberration techiniique, it is recommended
that the occultation technique be used for low altitude
se” f-contained earth satellite navigaticn -ssiems.

2) since long term thermal stability is not necessary when
using the occultation technique, it is recommended that
a non-rotating aberrascope d:sign be used. This will
r2sult in a considerable simplification in the instru-
ment design.

3) Since the refraction measurement provides twice as much
information at each star transit as does the spectral
attenuetion measurement and since the potential accuracy
of the refraction technique is greater than the spectral
attentuation measurement, it is recommended that the
definition of star transit time be based on a purely
refraction measuring instrument. It is also recommended
that this instrument be designed to measure both the
magnitude and direction of the refraction.

4) Since the effect of instrument errors is smaller if
we track stars to low altitudes and since at these low
altitudes there is a concomitant increase in scattered
background radiation from the sun, it 15 recommended
that we relax our diametricity requirement in the ster
selection in order to obtain brighter stars. If we
consider stars deviating from diametricity by as much as
2°, we can hope to find pairs of M= 4. This reduction
of about 3 magnitudes from the requirement for the
aberration system will yield an increase of sbout 15
times in intensity. It will also tend to relax the
initial acquisition prob. xms.

5) Since the Rayleigh ﬁcatter;ug drops off in a manner
proportionel o » -}, and since the sun's raciation
peaks &t A= 5,000 A, it is recommended that we
investigate the use of photo multipliers oxr photo
conductive celis for operation in the spectral region
from 5,000 - 10,000 angstroms. This will call for a
search for bright low-temperature stars in contrast
with the high -temperature stars required for the
precise tracking when making the aberration measurement.

ix
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Since the added instrumentation for measuring the time
of passage into the2 earth's shadow will be mirimal, it
is recommended that we add to the basic ster tracking
system the capability of measuring the times of ingress
or egress of the sun, and that this measurement be made
in the region of th~ CO2 absorption line at 4.3 microns.

Since th2 principal value of our system lies in the fact
that it can be made completely self-contained and since
most viewing geometries will permit many more than six
independent measurements, it is reccumcrded 4h-4 weo
immediately initiate an investig.tion of +«: rguirements
for a satellite-horne computer. The investigation of
calculational procedures should take cognizance of the
fact that the most accurate measurement will be the
stellar transit time, the next most accurate the solar
transit time, the next west accurate the direction of
the refraction vector in inertial space and the least
most accurate will be the measurement of refraction rate.

The measurement of the magnitude of the refraction to an
accuracy of 0.25 to 0.5 seconds of arc will be sufficient
to keep the instrument error equal to or less than the
meveorological errors. However, the measuremenct of the
direction of refraction should ideally be good to about
1/2000 radian in order to yield an error of 2 miles on
the earth's surface. This implies an rms accuracy of
0.02 seconds of arc in a LC second of arc refraction
measurement. Because of the desirability of using the
direction as well as the magnitude rcirection information,
it is therefore recommended that we attempt to achieve

an accuracy oi U.05 to 0.1 seconds of arc when measuring
the atmospheric refraction with the non-rotating averrascope.
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. INTRODUCTION

This repcrt is tne second and Tinal report being submitted to the Wright
a.r Development Division in accordance vwith the requirements of Air Force
contrazt pumber AF 33(€16)-Th00 which is entitled: "Theoreticel Investiga-
tion of Hew or Unexglored Techniques for Recoverable Orbital Vehicles".

The rrevi.as guarterly report presented an analysis of the guidance problem
in T2 light of an aberrztion sensing instrument. The c.2tvsic of the
various aspects of an aberration measuring instrument were given. At the
same time, a preliminary analy:is was given to the consideration of an
instrvment which measurcd occultatic= itime for o given star. From the
cccultation time measurements, the orbital parameters and finally the
rosition over the earth can be established.

Whiie it was steted in the last quarterly report that the instrument
design under consideration could be used for either the aberration or the
occultation tecaniques, further study has shown the feasibility of chang-
ing some of the original instrument design charactcristics in order to take
full advantage of the occultation technique. This technique does have dis-
tinct advantages and its use will simplify the instrument design but will
limit its use to the occultation method. The body of this report describes
in Jde*tail the phenomonological basis on which the occultation measurements
can be made. In addition, the salient features of the occultation instru-
ment will be pointed out. The instrument is now called the "non-rotating
aberrascope”. In general two of these units, mounted 90° tc each other,
will be used for determination of the orbital parameters.

Agein, as predicted in the last quarterly report, this report
emphasizes the actual design of an instrument. Drawings of various

portions of the instrument as well as detail specificaticns are

"Manaseript released by the authors, Decerber 1960, for publications as a
WADD Technical Report." 1
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includeé in this report. Some guotations on the cost of casvings and
other out-of-house purchased parts have been received. Ufuus, we are
well prepared to iove ahead in'.o the prototype development as the

next logical step in this satellite guidance program.
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II.

GUIDANCE SYSTEM BASED ON MEASUREMENT OF STELLAR OCCULTATION TIME

A non-rotating aberrascope can be used to measure the times of transit

of & star behind the earth, and it can provide informetion regarding

the direction of the refraction in inertial space. +ith these measure-

ments it is possible to determine all of the crbital elements by observing

three star transits. If we add a number of simple infrared sensitive
phovoconductive cells to measure the time at which the c3fellife
passes into and out of the earth's shadow, only two star transits are
needed to determine the S}bital elements.

By measuring the refraction rate or the intensity loss due to
differential refraction, additional information can be obtained
regarding the altitude of the sa%ellite. These two measurementc lead
to greacer errsrs than the stellar or solar trensit time measurements,
so they ere expected to be used only in making first approximations
of “he orbital parameters.

A. Transit Time Measurement Only

An observer stationed on a satellite can Geterwine his orbital
paremeters by observing éhe timeas at which at least six known sters are
occulted by the planet aﬁout which he is rotating. Having determined
the parameters of his orbit he can predict his position relative to the
planet as a function of time, and he therefore has a completely self-
contained navigational system. The calculations and discussion given
below reveal some of the factors involved in designing such a system.

The first problem encountered with a navigation system based on
the measurements of stellar occultation times is that of the irreguler
shape of the earth and the presence of clouds at various altitudes.

These effects are i.lustrated in Figure 1. Since the highest mountains
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rise c¢o more than five miles, a limitation to ac uracy is immedietely
imposed. Clouds present an even greater source of error in that they
are sometimes observed et altitudes in excess of “en miles. These
two sources of error could be circumverted by using for ocrultations
some phenomenon which lies at a.titcudes in excess of those where
clouds are observed.

Two possibilities are shown in Figure L. One +. these is lased
om the measurement of atmospheric refraction and the other on the
measurenment of ihe atmospheric absorption of starlight in various spectral
regions. These techniques will define an "occultation surface" surround-
ing the earth. This surface will be defined as the point at which the
atmospheric refraction or the spectrul absorption bulilds up to some
predetermined value.

To obtain the ultiméte accu}acy achievable with the navigation
system, an occultation surfaze must be selected possessing an altitude
characteristic which can be accurately predicted. For example, if an
occultation surface is used based on the absorption caused by ozone
in the .20 to .29 micron region of the spectrum, an attenvation of the
signal from the star of 50% might, on the average, be observed at an
altitude of 115,000 feet (35 km.). But it is well known tbat the
ozone composition of atmosphere undergoes extreme latitudinal and
s.asonal variation, and in order tv egchieve the best possible navigational
accuracy it would be necessary to correct for these var.ztions. If the
altitude characteristic of the "occultation surfuce"” were defined on
the basis of atrospheric refraction, corrections due to seasonal and
latitudinal variations in the temperature and density of the atmosphere

would also have to be made; however, the isorefraction surfaces are not




expesrea ¢ fluctuate as widely as the czone isoabsorption surfaces.

Tf the satellite were rotating around a planet with an unknown mass,
and 1f the alti*ude of the occultation surface is not known, an additional
«. alvaticn measuremsnt would be required for each of the additional para-
me cre o L. determined. For example, if one assumed that the occultation
surface hail *he shape c¢f an ellipsoid of revolution, two additional occulta-
wious would he needed %o define the perameters of this surfarce., I the
piaret 11sel! nad an aspreric shape, this could also be aetermined with
addivicnal stars, however, a mcre accurate determination could probably
Le -braincd by ncting the secular variations in tne longitude of the node
and in the argument of the perigee over a large number of orbital
rotarions

Since the semi-major axes of the ortit is a function of tne orcital

period only, we have

- [1_/%4_17_;] /3 :
e 2% Pe

g = Gravity at Earth's Surface

Semi Major Axis

Period of Orbit

(1)

Radive ¢f Earth

and therefcre by measuring the time from one occultation of a given star
tc the next occultaticn of this star, we can computer the semi-major
axes 1in a particulorly simple manner. In addition, the systematic
errcrs in the measurement »f occultation time cancel out in determining
the crbital period, and thus this parameter can be determined with great
accuracy.
Frcm Equution (1, we can determinc the accuracy with which the occulta-
*ion time must be measured. If ¢ (a) is the rms error in the calculation
cf the sem:-major axis an @ (T) the rms error in the measured urbital

period, we can write

ol _ 3 g (a)

T 2 a )




For low altitude earth satellite orbits, a & 14,000 miles and T == 100
minutes. Since the errors caused by the uncertainty in the altitude
of the occultation surface are of the order of 1/2 m’le, the accuracy
with which ¢~ (T) should be measured in order to contribute a
comparable error is O~ (T) Az 1 second.

The occultation technique finds its greatest value for low
altitude satellite orbits. This becomes evideni £ TF.g.re (2)
where we have shown the re2lation between the orbital altitude and the
percentage of the sky occulted by the figure of the earth during one
rotation of the satellite. For a circuler orbit of 40O n. miles
altitude, stars lying in 90 per cent of the sky will be occulted
during each rotstion, waile for orbits of 40,000 miles altitude,only
about 8 per cent of the sky is swept out during each rotation. This
altitude problem is further compounded by the fact that orbits which
are inclined relative to the eerth's equator will undergo a nodal
regression due to the obléteness of the earph. This results in
certain periods in which those stars whose position.. cve close to
the axis of the orbital planc will undergo no occultation.

B. Maximum Information Derivation

Thus far we have considered the use of the occultation technique
to form & self-contained navigation system in which only occultation
time measurements are used to define the orbital parameters. The
refraction measurement provides no more information than the spectral
absorption as a means of defining the occultation event.

Refraction may, hcwever, be regarded as a two dimensional vector
having direction as well as magnitude - in contrast with spectral

abscontion which is purely a scalar quantity. Thus, the following
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infopration can be derived from each occultation measurement if the
atmosrheric refraction is measured.

1) Occultation time; seconds, T

2) Direction of refraction, radisns,3

3) Time function of magnitude of refraction, £ (t)

These are listed in order of accuracy irom the standpoint of the self-

contained determination of the orbital elements. If we are dealing with

a circular orbit, it is possible to determine all < wiz <iements of the

orbit from a single star transit measurement in the following manner.
1. Time Measurement

As a result of the méasurement of the star transit time, we

know that we are somewhere on the surface of sn elliptical cylinder

at the time of the star transit. This is shown below.

The direction of the axis ¢ this cylinder is given by the position
of the star we are tracking, its shape, by the shape of the isorefraction
layer and, ultimately, by the shape of the earth.

The errors in the time meésurement will not introduce an error
of more¢ than one or two miles.

2. Direction of Refraction

Having established that we are somewhere on a certain cylinder,
the measurement of the direction of the refraction enables us to deter-

mine that we are somewhere along a line on this cylinder - this line being




a straight one lying psrallel to the axis of the elliptic cylinder.

LY

‘\“_EEL“‘~ Direciion of refraction

X
Flatiened
zarth

If we can measure the refraction éo 0"1 when the magnitude is 5090,
then the error in direction will be of the order of ./"00 rdins. At the
radius of the earth this will correspord to about 3¢ JO/500 = 7 n. miles
error in pesition.

3. Time Function of Magnitude of Refrwuction

By measuring the rate of change .f refraction it is poGssible
to estimate the sem, major axis of thé orbit (assumed in this case to be

circular).
1/2

2 2,
/UB = /LEG (/os '7‘% !
s 30*

Where we know /0 o’ 8 anQ/oe direétly, we can solve for 4Fo
as follovs.
The atmospheric refraction may be written
R =K, exp[—K‘(-/Ot - /00)]
R ="Ko'Q,/<31: = - K, R Yo
S = - RIKR

[o)

Since we can measure /? and /? , We can compute /U‘o. Knowing

A~ we can compute .
o 7

10




At f? = 50 535., the value of ﬁ? is probably of the order of
50 Sec/sec. Probably & R could be held to 0.1 §ec., but A will

probably be of the order of 1 §ec/sec.

5vs

This means that As2 x 10°°. From Figure (4) it can be shown

that for a 300 mile orbgt An = 2,000 ft/sec = 17 ft/sec/mile
A h 150 miles
Since A, = 9,000 ft/sec
éijo = 180 ft/sec
and therefore S'h =1 rile (180 ££/sec)

17 ft7sec

gh = 10 miles!

C. Combinations or Measurement Techniques

The basic navigation technique under consideration is that of the
measurement of star transit tiﬁés, but the foregoing discussion leads
to the consideration of several other measurements which, when combined
with the basic technique, yield either

1) edditional parameters, such as the mass of the planet or
the shape of the transit surface;

2) a complete Jetermination of the s.x orbital parameters in
less than one complete rotation of the satellite, or

32) a more accurate determination of the orbital elements by
selecting the calculation technique yielding the smallest
values of the error sensitivity coefficients.

Figure (3) contains a summary of the varjous combinations of
measurements. In this figure one series contains the cases in which
only the times of ingress are measured; another series contains the
cases in which the ingress times plus the times of egress occur in the
earth's shedow (reacquisition is a problem if the egress ocevrs in an

atmosphere iltuminated by the sun); the last case contains the general

solution in which all ingresses and egresses are included. In each of

1l
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these cases there may be either two or four stars occulted per rotation.
This occurs because the stars are picked in diametrically opposite pairs.

In o der of sccuracy for instrumentation now under consideration,

the following additional measurements can be made:
1) time of passage into earth's shadow,
2) direction cf r'féaction in inertial space, and
3) refraction rate as a function of time.

Various combinations of these technigues are shown in Figure (3).

For example, if we measure the time of ingress only, if four stars are
occulted per rotation and if we measure the direction of the refraction
vector at each ingress, then Figure (3) shows that nine measurements are
eveilable per satellite rotetion.

The use of the refraction rate information ic n.t shown in Figure (3),
since this information is not very accurate and will be used primarily for
the first estimete of the orbitel parameters ratu-r than for the final
calculation. In deriving Figuéé (3) it was assumed that at the completion
of 360°rotaticn one additicnel measurement would be used to determine
the semi-major axis. It is not known whether all of the combinations
shovn in Figure (3) are inlespendent and “herefore additional unalysis
is needed regarding this question.

The measurement of ster transit times alone leads to certain
conditions in vhich the orbital parameters eithe:r cannot be determined
oy are subect to lerge errors. Thus, pernaps the most important point
1o ve made as & result of Figure (3) is thet the addition of refraction
direction and solar transit time measurements results in an extremely
flexible system with many alternative methods of calculating the
orbital paremeters. The price of this flexibility is very small, in

that the additional measurements require little additional instrumentation.

13




I1I.

PHENOMENOLOGICAL CCNSIDERATIONS

A. Methods of Defining Transit Time

As starlight moves into the earth's atmosphere or emerges from
behind the earth, the dynamic response of the detection irstrument
must not limit the measurement of time. The faster the rate of
ingress or erress, the more difficult the instrument design probliem.

Consider the geometry shown belcw, where the rc_.owing symbols
are used:

/j? = radius of planet

/ﬁ? = radius to occulting layer

% = radius to satellite
& = angle from point of tangency of ray

cn occulting surface to satellite

= gravitational acceleration at/f

/{ satellite altitude = /08 -~
As = velocity of satellite
component of sotvellite velocity

perpendicular to occulting surface
at point of tangency of ray

LN

For the present example, assume that we are dealing with s

spherically shapea pianet and & circular satellite orbit.

N

1L




4j-o =V, .sin ©

but sin © = (/os2 - /ge) M2
. 2 /s
)

‘Therefore
/2, 2 4,2, 1/2
/Vo:_&g (/oq"_AJnL
3/2
/s

To find the maximum value of A}b e let aﬁr o =0,
S
And therefore /08 = -,/3 /oc . For the earth /°o = 3450 + 30

n. miles, and therefore the velocity A7  will be a maximum for
satellite orbits of //95 = 6030 n. miles, or satellite altitude = 2580
n. miles, above and belcw this.altitude ,AFO will be smaller, and there-
fore the instrurent dynamic response problex will be easier. At
h = 2580 n. miles, the value of (/v'o ) max. = 16,000 feet/sec. The
value of A/, at various satellite altitudes is shown in Tigure ().
The nature of the function is such that /V'o varies surprisingly
little over the usual range of altitudes considered for earth
satellites.

1. Atmospheric Refraction

One of the wodes of opefation of the system previously

described is that of definiug the siar transit time on the basis of
sone predetermined magnitude of atmospheric refraction. As will be
eviuent from the charts shown later, the change in the refraction

caused by the atmosphere is so fast compared with the change in the

15
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vel~zity aherration that the latter may be neglected.

Figure (5) shows the approximete refraction for rays grazing
through the atmosphere at various altitudes. At an altitude of
200,000 feet the refraction was assumed to be 1 second of arc, while
at 100,0n0 it was assumed to be 60 seconds of arc. If we assume &n
exponential atmosphere, the relation between refraction and altitude
can therefore be written

K= 3.6% x 103 exp (-4.10 x 1079 h)
where /f’is in seconds of arc and ,AL in feet.

In selecting the magnitude of the refraction, A?o for the
transit time measurement one must take account of the following
factors.

1) How predictable is the iscrefraction surface in question?
2) Are extensive seasonal and altitudinal corrections necessary?
3) Are these corrections known?

k) How accurately can the star tracking instrument measure
the refraction?

5) What tracking problems arise because of the scattered
radiation from the sun?

6) 1Is the atmospheric attenuation of the starlight svfficiently
small at the level in question to permit ﬁ?o to be measured?

Requirements (5) and (6) can be best satisfied by selecting an
occultation altitude which is extremeiy high. Requirements (1), (2), and
(3) tend to disqualify both the very high and the very luw altitudes.
Requirement (4) disqualifies the very high altitudes. Thus, if we
are to make the optimum selection uf the altitude of the occultation
surface we must pick one lying at an intermediate altitude. On the
basis of the factors mentioned above, it would appear that this surface

should lie between 100,000 and 200,000 feet. above sea level.

17
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To illustra*e how the accuracy of the star tracking instrument
wffects the aititude wmneasurement, we can derive the refraction-
aititude seasitivivy coefficieﬁt from the above equa“icn. We then
¢cbtain

i = -6.70 exp (4.1 x 1075 h) feet
d sec. of arc

This sensitivity coefficient gives the number of feet of errc~ in tls
occultation surface resulting from a given error .. luc seasvrement
of the atmospheric reiraction.

Figure (6) is a graph of this eguation. It shows that an error
of 1 second of arc causes an altitude err~r of only LOO feet at an
altitude of 100,000 feet. As the altitude increases, the effect of
an angular error in the measurement of the refraction increases very
fast - particilarly above 150,000 feet. Thus unless an extremely
accurate instrument for angular measurement is used, it would be

desirable to use an occultation surface lying below 150,000 feet.

On the other hand, if an occultation surface¢ lying below 150,000 feet

is selected, the response of the instrument must be very fast. This
can be seen Zrom Figure (7) where the magnitude of the atmospheric
refraction as a runction of time is plotted on the left hand ordinate.
On the right hand ordinate the refraciion rate is plotted as a functiun
c¢f time. This is derived from.the equation

AR = - 149 ( dn y exp (-4.10 x 10° n) seconds arc
dt at seccnd time

‘n the case of Figure (7) an orbit of 300 n. miles altitude and an
occultation surface of 150,00C feet were asswned.
Had an occultstion surface lying at 130,000 feet been selected,

it would be necessary to make the refroction reasurement while it was

19
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changing at a rate of about 6.3 seconds of arc per second f time. This
raises a quection of the possibility of building an instrument which
measures the rate of change of atmospheric refractica rather than the
absolute value of atmospheric refraction.

The remainder of the problems associated with the evalaation of the
six factors affecting the selection of the altitude of the occultation
are meteorologicel in nature and ere disc.ssed in & .uiseguent
paragreph.

2. Atmospheric Attenuztion

It is possible to define star transit on the basis of the
spectral intensity rather than the atmospheric refraction. Some of
the problems associated with tﬁis measﬁrement are considered in
this paragraph.

First, it should be pointed out that the spectral intensity is e
scalar quantity while atmospheric refraction is a vector quantity. Thus,
if we measure spectral intensity at each transit we obtairn only half
as much information as we do by measuring atmospheric refraction.

The received signal at the telescope will vary in intensity at a
given altitude of transmission through the atmosphere for a variety of
reasons. Some of these are listed below:

1) absorption of stellar radiation by atmosphere,

2) scattering of stellar radiation by atmosphere,

3) differential refraction of stellar radiation by atmosphere,

%) scattering of solar radiation by atmosphere to create
background noise,

5) radiation from the atmosphere itself,

ne
h)




6) large scale varigtion of absorbing and scattering com-
ronents such as 03, H50, and small particles,

7) smelli scale variation of metecorological conditicns which,
to some externt, can be avoided by seasonal and latitudinal
corrections.

In general, all of these phenomens can contribute errors to the
transit time measarement. The following paragraph discusses the
selecticn ¢f a spectral region and occultation altitude which will
minimize these errors.

a. Absorpcion
We would like to pick a spectral region in which some-

thing like 50 per cent absorption¥* occurs at an altitude in excess

of 60,000 feet in order to make the definition of star transit time
irdependent of local cloud cové} and meteorological variations. This
requirement immediately restricts us to the ultraviolet region of the
spectrum. In the visual portion of the spectrum the absorption is
toc small; in the near infrared, where H,0 or CO, absorption bands
might be used, the intensity of starlight is nnt adequate.

In the ultraviolet region‘of the spectrum the absorption resulting
rom Op and O3 is shown graphiéally in Figures (8) and ' 9).
(1) Ozone - A gaussian distribution of ozcne was

assumed having its peak at 25 km end a ,Q'l width ¢f 10 km. Ther,
using the absorption coefficients for A = 2,000-3,000 K,l the per

cent transmission wes plotted against h with /\ a parameter. TFor

this wave length range, we find *hat .25//7 has the cutoff highest in

¥ We could consider the altitude at which 50 per cent scattering takes
place {or a combination of scattering and absorption), but if the
spectral region in guestion gives a large scettering of siarlight, it
also yields & large background intensity due to scattered sunlight.
Tnis is not desirable.

23
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ine atmosphere. This is snown in figure (8).
(2) O? - Again using the air masses calculated in the sec-
tion on scattering, and assuming that O, con.tituted 22 per cent of this,

and using absorption coefficients for O,, the percentage transmission is

2)
[+]
plotted against h, against ucing A as a parameter. Here ) = 1450 A is
the wave length yielding the maximum cutoff altitude. This is shown in
Figure (9).
From Figurcs (8) and (9) the following summary is made of the alti-
tudes at whicn a 50 per cent atmospheric absorption for radiation in the

various regions of the spectrum occur.

SPECTRAL REGION, A ALTITUDE, KM PRIMARY ABSORBING
CONSTITUENT
1330 - 1650 72 0,
1360 - 1540 79 0,
e
150 82 0,
2200 6.5 0
2500 50 o
2800 58 0,

In general, the altitude for 50 rer cent absorption increased as the

near ultravioiet at 3,000 Z is arproached. Were it not for the extreme
fluctuation in the atmospheric ozone content, the region from 2,200-2,800
angs*.roms could be very attractive. While the O2 content does not fluct~
uate to an ohjectionable extent, its pr.mary ebsorption lies in a region
of the spectrum which is largely unexplored. A star would require a tem-
perasure of 20,000° K to peak at 1,500 R, and it woula be desirable to use

O or B spectral classes if this region of the spectrum were used. For the

stars down to €.5 visual magnitude, approximately 10 per cent are O or B

26
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stars, and thus the selection of stars is considerably restricted by

3

overation in the 0O, regions of the spectrum.

2
b. Scattering
tmospheric scattering has two effects. It creates
background radiation and it actenua*es the signal being detected. The
following peragreph discusses the latter effect.
Rayleigh's scattering law indicates tnat the 1 .zi.sity cf scattered
radiation is propertional to A %, Thus the region in which the
highest abscrption levels are obtained at the short wave lengths is
also the region in vhi_ch the greatest scattering attenuation is
obteined. However, as is evident from Figure (iC,, the signal
loss aque to atmospheric scattering is not appreciable above 30 km. Since
absorption is 99 per cent for O, by 60 km and 03 by 40 xm, it is
evident that the scattering attenuation may be neglected.
In deriving Figure (10) observations were made which deserve the
following comments. The number of eir masses encountered in a
horizontal line through the atmosphere at a heignht h was calculated.h
5
ol
760

/zv= (?V al ) = 10

P
This gives the transmission coefficient, {A , for scattering as a

Then using P. Moon's” results

function of the scattering coefficient,‘?&/) , at normal pressure
and temczerature for cne air mass. m is the number of air masses
calculated above, p is pressure in mm at height h, and ': is taken
as a function of wave length.5

Since p 2nd m are funct.ons of h, and k is & function of /? s
we plotted '?A in per cent against h using ;\ as & paraueter.

fiow p is really too high since it is calcuiated at the point of

a7
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greatest density along the path. But for smaller p, the graphs
merely get moved to lower heights.

c. Differential Refraction

Because of the fact that refraction increases as a ray

dips inte the atmosphere, the intensity of the ray is reduced. The
atmosphere acts like a negetive lens and disperses the radiation.
'ader certain conditions the loss in signar strenst . aae <o differential
refraction 1s g:cater than that resulting from absorption and scattering.
In general, +the effect of differentisl refraction becomes greater as the
altitude of the satellite increases.

In order to show how this occurs, consider the sketch shown below.

A 7

Elemental area before
refraction, dA

_____ ; =
/ﬁr\\ z

Elemental area after

<« D — refraction, dAl
Earth
y =/~ RD y
dy =1-Dak 7
¥ R

71@.
The change in intensity is equal to the ratio of the elemental areas

HBo . Mus I=aa, = £aLa0.= (%)(_%_;

A T ydyde

I= 1
1-DK ) (1-D ak
( - >

-
Bt  R=K, exp (-K; [~ Py = /Oe_7 ) and = /00 , therefore

R o .x Ream 1= 1
aps, ) (I-D_p ) (1+DKR )

(o]
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Since we are not interested in satellite altitudes greater than 105 miles
or in atmospheric refractions greater than 100 seconds of arc, the ma:imum

value of D is approximately

s
10L,000 x 100 x L4.85 x 10"6 _ 2
3550 = 146 x 10
Yle may therefore use the following approximaticn
s ey
(570)

The values of Ez and d-z can be obtained from ecnations ziven earlier.
ajoo
“hen expressed in units of radians and neutical miles we may write
R =1.765 x 1072 exp /- .249 (P - f%e)] radians

a K _ _.ohgp radians

dfo n. mile

1

Y en these values are graphed, Figure (11) is obtained. This figure
shows that if the ray penetrates to 100,200 feet {corresponding to about
60 seconds of arc refraction), the effect of differential refraction can
te significant - even for low altitude orbits. Using the ozone absorption
with 50 per cent attenuation at about 160,000 feet, a satellite altitude of
1000 n. miles will produce an effect of differential refraction not exceeding
2 per cent.

A siightly different form of the in ensity function is shown plotted in
Figure (12). A satellite altitude of 30C .ailes was assumed and the rela-
tion between height and per cent transmission was derived.

4. Scattered Radiation from the Sun

When the viewing geometry is such that ingress or egress takes
vlace in an atmosphere illuminated by the sun, the background radiation must
be considered. Scattered radiation from the sun presentc the greatest pro-
blem in the visual region of the specﬁ}um vwhere the maximum of the solar radia-
tion lies. For wave lengths below the solar maxims at)\ = 5,000 A, the inten-

sity per unit wave length ray be approximated by the Wien radiation formuis
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= K
which states Iﬁﬂ- = . 1 :
7 exp ( ch
A i)
The Rayleigh scattering law states that
EL g -
A

Therefore, since net scattering is proportional to the amount of
solar radiation to be scattered times the scattering coefficient, we
ttain as & measure of the scatter intensity
5
exp ch
(o)

Tr. £find the wave length at which the maximum ¢f I is reached we let

o= gy Ly o

A9

3I
'5;7{ = 0, and obtain the equation ch =9
LT
Since ¢ch = 1.439 x 10“ when ;lis in microns and T in ° K, we have

for the sun, letting T = 6,000° K,

;ﬁo = .2665 microns
Thus, a wave length of 2,400 R rresents the least favorable
situation regarding scattered radiation from the sur- Of course,
this conclusion applies per unit wave length only. and it may be
expected that the effect of scattered solar radiation will be
greatest, i.e. leest favorable, in the ozone region of the spectrum.

At ﬂ = 1,500 Z in the 02 region the solar effect psr unit wave

length interval will le reduced to
I (A =1,500) 266 e 176 1.6 x 10
XL 150 ( 11,000

ICA
Thus, the O, region has a considerable advantage over the 03 region.

-2

Fagure (13) shows the efrect of scattered solar radiation for a

(]
spectral region from roughly 2,500 to 4,000 A, The FOV cf the

33
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telescope was assumed to have a diameter of only 5 seconds of arc -

a value which is probably the best thet can be ackieved. Since

e star of B spectral class and 3rd magnizude will yield approxi-
mately 106 photoelectrons per second, it is sapparent that scattered
radiation will become troublesome at altitudes belcw 163,000 feet (as
many photoelectrons as in the signal). Since the 50 per cent
absorption point for ozone accurs at about 160,000 feet, it is
apparent thai solar scattering will be a sericue nrobler for
operation ia the ozone region of the spectrum.

e. Emission from the Earth's Atmosphere

Emission from the'earth's atmosphere in the wave
length regions of interest is so small that it can te neglected.

At very high altitudes in the tkermosphere, high kinetic temp-
eratures are observed; however,.the atmospheric density is so small
that the radiation is insignificant. At the lowest alvitude,
the ray will pass (for ozone) at the level of the mesopause where
the temperature reaches a maximﬁp of about 300° k. At this temper-
ature and for ;\ Lo microns, only 10" of the total self-emission
is included.

f. large-Scale Variation of Abscrbing Components

Of the gases of the atmosphere which undergo large-
scale variations, O3 and. H20 are the most important. Generally, the
variatiicn of O3 is sufficiently great to result in rms errors in the
altitude of the isoabsorption level of at least 3 or 4 miles. The
major HQO absorption bands lie in the infrared and have not been
considered as a source of stellar attenuation.

Addi+ional data describing the atmospheric ozone fluctuation is

conta‘ned in a later paragraph.
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g. Small-Scale Varistions of Absorbing Components

The other gases of the atmosphere (other than 03 and

Hao) are not subject to such extreme variations and thus their

use as absorption media is considerably more attractive. The major
factor affecting the absorptivity of these gases are the diurnal,
seasonal, and latitudinal variations of density at any given level.

B. Meterological Data

1. Atmospheric Density and Temperature
The classical v .ecory of refraction for a ray passing

through & planetary atmospuecre provides the expression

R = (n, -1) [ 27 {o]l’/e

H

where H =

&1

where R = refraction in redians
N,~1 = modulus of refractivity at the altitude
‘f% = distance of closast approach of ray to center of earth
R = gas constant
T = absolute temperature

¥ = mean molecular weight of atmospheric gases

g = gravitational acceleration at /Qo
Since (Yzo -1) is proportional to the air density, D, and since
the mean molecular weight M mey be assumed to be constant at the
altitudes in question, the atmospheric refraction is
1{ KOD
= _ETE72
Metveorological data indicates that at any given altitude the

statistical fluctuation in temperature is smaller than the

stat.stical fluctuation in density. If we assume that the
36
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statistical fluctuations in D and T are not correiated we may write

c(R) =R[[cmPF +1 (o () ? 1/2
D Ry T
Because O~ {T)/T is smaller than O~ (D)/D, and because T appears
under the square root thus generating the factor 1/k, we may

estimate the rms fluctuation of the refraction from the rms fluctu-

ation of the dernsity as follows:
-, »
o(RY =/?[a" (n)]
D

The problem of deterrining the rms erro} in the occulratviun altitude
novw can be expressed as a problem in determining the statistical
fluctuation in the altitude of the isopycnic surfaces (D = const.).

In making estimates of thelatmospheric refraction for a grazing
ray, the first approximation can be obtained by multiplying the

ses level refraction at 90° zenith angle by twice the density ratic.

R =2R(0) (_gg__)
sy

This has been done in deriving the curves shown earlier.

The next refinement in the refracﬁkon calculation is to correct
for the scale height, H, at the various altitudes. Since H = RT/¥g,
we must consider the variation of T, g and M with altitude. Below
100 km we may assume that M = 28.97, so that the principal sources

of variation lie in g and T.

Newall6 gives the values shown on the table on the next page.
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HEIGHT (km) TEMPERATURE (°K)
1.216 291.0
5 276 .8

10 230.8
15 209.1
20 212.8
25 223.0
30 231.7
35 2k .5
%0 262.5
ks 271.3
50 270.8
55 265.8
60 252.8
65 235.0
70 218.0
75 209.1
80 205.0

g(cm/secaz

967.3

964 .3

961.3

958 .4

955.4

SCALE HEIGHT (km)

8.53
7.83
6.78
.16
6.28
6.59
6.85

O\

7.24
7-719
8.06
8.06
7-93
7-55
7.03
6.53
6.27
6.16

Since the refraction R, is proportional to the inverse squere root cf H,

an inspection of the above data shows that the maximum error in

using the assumption of constant H is less than 20 per cent. This

would correspond to an altitude error of about 5,000 feet at the

altitudes where we will be working.

Since the refraction of a grazing ray is related to tie vertical

density gradient, the fact that the atmosphere is not isothermal creates

an additional complication because the existence of a (

91

o)
term creates a source of density gradient other than the exponential
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atmosphere. In the final case it will be necessary to integrate
numerically over various atmospheric paths.

Figure {14) shows the data contained in Figure (6) expressed in
terms of the error in feet resulting from various errors in the
measurement of atmospheric refraction. Also shown in Figure (1)
are the approximate errors in the altitude of the isorefracticn level

due to meteorclogical fluctuations. The two extremes represent

! the case in which the best available latitrdinal .n? ~2-,unsl corrections
&

ar. used and the case in which no seasonal or latitudinal corrections
I are used. These limits have been estimated and are described later in

this section.

It is evident from Figure (14) that an instrument error in the
measurement of atmospheric refraction of 1 to 2 seconds of arc at an
altitude of 100 to 120,000 feet'will lead to an error which is
comparable witk the meteorologicr.i errors. However, there are several
reasons why operation at these altitides is not desirable. %hey are
- 1) As showa in Figure (13), background radiation from the

sun is very great. Probably only usasurements in the
sun's shadow can be made at these altitudes.

2) At 190,000 feet the rate of change of refraction is
aboul 22 sec of arc/sec time, and the dynamic response
of the instrument must be very rapid. This requires
a wide band width; however, a wide band width is
antithetic to precise tracking in the presence of
large amounts of background noise

3) Since we wish to measure both the time of egress as well
as ingress, we must be able to acquire and stably track
an emerging ster at 100,000 feet. This will be extremely
difficult if we have a small FOV (necessary for tracking
in the presznce of large amounts of backgsound radiation).

The net result of these factors is that the transit time should
be defined for altitudes in the neigh%orhood of 150,000 feet. If we

wish .0 keep the instrument errors small compared with the meteorological
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errors, and if we make nominel seasonal and latitudinal corrections,
it is apparent from Figure (14) that an instrument with an accuracy
of 0.25 to 0.5 seccnds of arc can be justified.

a. Height Variation of 30 km Surface

This paregraph discusses the probiemc of firding the
seasonal and latitudinal height variation of a density surface which
varies about the 30 km level. The data selected for use in this
-tudy is published in the ARMA Climatological Ringbi.w " This
report givee menthly table.. of mean and standard deviations of
density for various altitudes nver ten selected stations.

Tue monthly values listed at the 28 through 31 km levels were
combined into seasonal values. This was done for cnly nine stations,
since one of the ten did not have suffi&ient values at these levels.
The mean and + 3 J density values were plotted at their respective
lovels for each season of each station. A preliminary siudy of
these graphs showed that the 1.86 x 1072 kg m~J density surface
could be expected to occur around the 30 km level, Therefore, the
maximun and minimum height values of this density surface were
tabulated for each season and these values were plotted according to
the latitude of the station. Thus we get a height versus latitude
graph showing the 92 per cent variability limits of this particular
density surface.

The: results indicate that a small varietion occurs at all
seasons over the tropics centered at abont 30 km. The r-lar regicns
show a gerneral increase in height of the surface from winter to summer
with a very small variation during swmer. The mid-latitudes show the

same general) trend as do the polar regions, but have more variation
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during summer.

For any given season and 1a£itude we may generalize by saying that
the density surface will be within + 0.5 km of the mean level 99 per
cent of the time. In fact, considering all seasons a?d all latitudes,
we may generalize by saying that the 1.86 x 1072 %g m™3 density
surface will be within + 1 km of the 30 km surface.

b. Height Variations of 48 km Density Surface

In order to investigate the inaza ¢f _ical refraction

at high altitude, a study was carried out cn a strong parameter cf
this index, the density of the atmosphere. This study, in essence
an extension of a previous study covered in a Memo dsated 29 fpril
1560, involves the height variation of a density surface cccurring
in the neighborhood of 150,000 feet. Due to the dearth of the data
at this altitude, the conclusions drawn must of recessity be considered
as preliminary and "rough".

Various speculations have been made as to density variw.tions at
a given height at high altitudes but none, to the writer's knowledge,
of the variation of the height of a given density surface. GoodyS
quotes an early study by Whipple, Jacchia and fupal to the effect
that the upper stratosphere shows a marked seasonal variation in

density and that the upper atmosphere does not seem to react to day-

tc~-day changes in surface temperetures. From rocket data, Whipple9

concludes that there is little évidence of a diurnal ‘ariation but
that atmospheric densities are greater in summer than in winter. As
to latitudinal variations he states that there is ro indication of
density variation between the equator and latitude 33° N but meteoric
and accustic data do indicate increasing densities with increasing

latil de.
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Kf1108610 steres that Soviet rocket observations up to 80 km show
that the Arctic summer densities are aboat the same as mid-latitude
densities; nouwever, Artic winter densities are 10-20 per cent lower
than mid-T-~~i4ude densities. Kellogg also states that, in the
30-80 km range, tne day-to-day variations of density are greater at
Churchil.l, Canada, than at White Sands, New Mexico, expecially during
winter.

LaGow, et alll studied the Arctic atmosphere using rocket data
from Churchill (59° N). They fina, in the 30-70 km range, that the
summer values are 5-10 per cent higher than those derived by the Rocket
Panel frow date taken at White Sends (32° N). Also, in the 25-40 km
range at Churchill, winter densities are lower than summer densities.

Jones, et a112 studied atmosvheric densities using a falling
sphere technique. Flights were made at White Sands, Wallops Island
(38° N), Churchill and on shipboard (49-65° N). The Waite Sands and
Wallops {lights showed little < @nsity varietions. Winter densities over
Churchill were generally lcwer than at White Sandc. In one particular
instance, over a 2-day period an Churchill, the 50 km density increased
ebout 80 per cert. This was associated wita abrupt stratospheric warning.

In summarizing the reports mentioned above, the following condi-
tions seem to prevail in the upper atmosphere. The summer densities
are greater than the winter densities. This implies the movement of an
isopycnic ievel to higher altitudes in summer. Diurnal variations are
slight in general, but there may be large chunges in lale winter or early
spring due to abrupt stratospueric warming. Letitudinally there seems

to be little variation in isopycnic neighics from the eguator up to about

b3




35° N. Then the levels increase in height with increasing latitude
up to tne polar regions where they remain constant during summer but
show a decrease during winter.

C. Data Calculations

To establish more firmly the above hypothesis and
obtain some order of magnitude of the height variations, a search
was made for actual data from wnich height variations aa lsopyenic
level could be read:.y casculated. A group of high altitude radiosonde
flights were made over Berlin (53° N) which allowed estimates to be
made. Values of density versus height of the 10 mb and 5 mb prescsure
surfaces were plotted on semi-log paper. For spring months there were
42 values at the 10 mb surface and 13 val'es at the 5 mb surface.
For summer months therc were 40 and 19 values, and for winter there
vere 27 and 9 values. Lowenthall3 published a group of summertime
high-altitude radiosonde data from 7 stations. ¥From this daca 15
density-height values for 10 mb and higher were found for Portland,
Oregon; 31 for Narsarssuak, Greenland; 1l for Denver, Colorado;
30 for Belmare, New Jersey; 10 for Long Beach, California; 14 for
Chanute, Illinois; and 11 for Goose Bay, Cenada. All thesc values
vere again plotied on semi-log paper. Finally Eltermanlh presente
a few values from White Sands, New Mexico (6 for summer, 12 for fall)
obtained using a search-light technique.

By assuming a lineur relation between height and log density,
straight line envelopes were determined for the seasons at the various
stations. Due to the sparse data, these envelopes were assumed to con-
taein plur or minus one standerd deviation of density-height wvalues.

From these graphs the mean height and standard devisticn of the

Ly




Lo x 1076 gm/cm3 isopycnic level was determined and plotsed on a
height varsus latitude graph. This isopycnic level occurs around
39.5 km {about 130,000 feet) and it does show an increase in height
with increasing latitude over the mid-latitudes. Insufficient

data for other seasons did not permit a latitudinal variation graph
to be made. The actua! values, however, are presented below.

Height of 4.5 x 10'6 gm/cm3 Ievel

Location Season Mean Ht (km) _S4a ey am)
White Sands Fall 39.2 0.6
Berlin Spring 38.5 0.4
Berlin Winter 36.6 0.6

The summer standard deviations of elmost gll the stations
were 0.2 km.

The results of this study may ve summarized as follcws
(keeping in mind the scarcity of data):

1) At altitudes of the order of 130-150,000 feet, the
isopycnic surfaces are at lower levels during the
winter than during the summer.

2) Ilatitudinally the isopycnic surfaces vary little in
the tropics, increase altitude wivh latitude in the
sub-tropical and mid-latitudiral ranger and remain level
over Polur regions during winter. ‘The increase in height
between tropical and Polar regions appears to be the order
of 1-1.5 km.

3) The keight variations of the isopyenic surfaces are
smallor durirg summer than during the other seasons.
During summer 99 per cent of the height values will
fall within 2,000 feet of the mean seasonal height.
During winter this variation increases to 6,000 feet.

it} One reason why the spring and winter vari—~.ions are
larger than the swumer variastion may be because of the
abrupi stratospheric warming which occurs during late
winter or eurly spring.
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d. Short Term flucuuations

It is known that the equal densit& surfaces fluctuate
in more or less predictable manner according to latitude and season.
By correcting for the effect of these fluctuations the accuracy of
our transit time measurement can be considerably improved. The
question arises, however, of effect ¢f short-term fluctﬂ;tions in
the altitude of the isopycnic surface.

From neteor data it has been cbserved>” that 8u .« mean height of
78 xm (256,000 feetv) the total searonal range corresponded to a height
variation of 8.6 km (28,000 feet). Tf this is a more or less sinusoidally
varying function, the rms seasonal fluctuation is about 9,030 feet.

By correcting for this seasonal fluciueticn, the rms errsr can be
reduced to 2,000 or 3,000 feet.

It was observed that the correlation is not improved by a com-
parison with the actual ground temperature at that date rather than with
the general average. Thus, the correlation is truly a seasonal one
which does not measure local variations. No effects associated with
synoptic weather fronts, deviant temperatures in the lower stratosphere,
sunspot numbers, lunar-hour angle or solar-hour angle are conspicuous.

From further meteor observations Jacchia16

finds evidence that the
seasonal effect decreases with increasing height, becoming small and
uncertain around the 100 km level.

The data from Jacchia supports the contention that seasonal and
latitudinal corrections are of the greatest importance in the refine-
ment of the star transit time measurements.

Ir comparison with these two sources of fluctuation, the random

component or the ccmponent correlated with other physical pnenumena

L6




are small. In addition, our light ray traverses a considerable
length through the atmosphere and therefore allows considerable
averaging. For example, a ray at minimum altitude of 150,000 feet
traverses a length of 1,000 miles from the time it passes througn
the 200,0uL fecot level to the time it emerges from this level.
2. Atmospheric Spectral Absorption

In the nse of spectral absorption for the definiti~n of star
cransit times, the ozore absorption is the wosec attractive. At wave
lengths longer than 3,000 angstroums the absorption drops off rapidly
and the ray penetrates tvoo low in the atmosphere before sufficient
absorption takes place. At wave lengths shorter than 2,000 angstroms
the 50 per cent absorption point is achieved at very high altitudes,
which is desirable, but it involves & region of the spectrum which is
largely unexplored and which imposes a severe restricticn on the number
of stars usable for the measurement.

Unfortunately, the ozone content of the atmosphere undergoes a
wide variation from hour-to-hour, day-to-day, seuscn-to-season and from
one latitude to another. Figures (15) and (16) are illustrative of this
point. Thus, in the case of ozone it is probably not possible to predict
the altitude of a given isoabsorption level more accurately than 8,000
to 10,000 feet (rms). Because “he accuracy potentiasl of determining
altitude by refraction measurements is at least twice as good as tais,
and because simpler seascnal and latitudinal correciions must be made,
ozone spectral absorption is not recommended.

In the case of the sun, however, the use of spectral absorption is
recommended., The sun is such an extended target that a single refrac-

tion measrement cannot be made because light ewanates cimultaneously
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from opros.te edges of the sun's disk. Considerable accuracy is achievable
by measur.ng ebsorption because the absorption lines of a predictable
distributed component of the atmosphere such as 002 can be used. In this
case we will be working in the mid-infrared region of the spectrum. (In
the case of tne stars, there is insufficient energy in this region of Lhe
spectrun and we are restricted to operation at wave lengths ~enerally
iless then 1 micron.)

A number of infrared absorption lines for 002 are . wwiz in Table I.
These lines range from 1 4 to 15 micrcns, and vary in usable width
from 0.06 microns to 0.2 microns. Sioun in this table is the equivalent
cea level path for 50 per cent absorption for various wave lengths. This
date nas veen obdtainea from Altshuler,lY

Because of their strength, the twe most attractive absorption lines
are those at 2.7 and 4.3 microns. The 2.7 micron line is also a point

of high absorption of K,0 - one of tne most variable components of the

2
atmosphere. Becausc of this and because the 4.3 micron line has greater
absorptivity, it is this latter line which is recommended.

Figure (17) shows the magnitude of the spectral sbsorption at
various altitudes for the 4.3 micron CO2 line. Fifty per cent absorption
is obtained at ai altitude of 160,000 feet or 49 km. At the 50 per cent
point for radiation from a point source, an error of L per cent of the
original intersity creates an equivalent error of 600 feet in altitude.
Unfortunately, the sun is not a point source and one must resor. to a
numerical integration over an extended region of altitudes vo determine
the altitude at which its intensity is reduced to some value such as
50 per cent. This will be discussed later.

The data shown in Figure (17) have been derived with the aid of
Figure (18) assuming that the atmospheric attenuation is proportional

50




TABLE 1

INFRARED ABSORPTION LINES OF 002

WAVE LENGTH SEA LEVEL PATH RANDWIDTH AUTITUDE OF
(MICRONS) FOR 50% ABS.(km) (MICRONS) CRAZING RAY
FCR 50%
TSURPTION (ki)
1.4 3000 + .Ob 0
1.6 3000 .0k 0
2.0 100 .03 7
2.72 .9 .06 28
4.3 .025 .08 45
4.85 bg .06 10
5.2 200 .06 4
9.32 60 .07 9
9.55 80 .06 8
10.30 200 .10 L
10.6 250 .05 3
15.0 .0035 .10 5k
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Figure 18

CO, ABSORPTION PATH AS A FUNCTICH
OF GRAZING ALTITUDE riR A RAY
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to an exponential function of tre pressure to the 3/2 pover rather
than to the air mess alone. After establishing the equivalent sea
level path, the per cent transmissicn was calculated for the various

18

sex level paths.

Because the sun represents an extended source, the altitude at
which, say, 50 per cent attenuation of its signal occurs is a function
of the satellite altitude. This occurs because of the shape of the
spectral absorption curve shown in Figure (17), enl br~zv,e of the
effects of differential retvaction. Were it not for these effects, the
50 per cent occultaticn surface would be very nearly cylindrical
as it is for a star. The correction problem would be even more difiicult
with some cther attenuation level because the corrections would have to
be surerimposed on a conical shape.

If atmospheric refraztion is disregarded, the diameter of the sun
at the point of tangency of the grazing ray can be written in the form

Ah=D )”s=9.3osx10'3 /082- ﬁoz
where the apparent diameter of the sun at the mesn earth distance is

taken as 9.3048 x 1073 radians

5h




or <ompsrative purposes with Wigure (17), the vulues of zﬁ h at
varicus sateliite altitudes are shown in Table fi. Time did not
perwit a caleulation of the apparent occultation altitude as &
function of satellite altitude; however, it is apparent that the
rorrection function will be very complex for satellite altitudes
greater than 1,000 miles.

The sketch shown below shows the shapes of the occultation
surfaces for various percentage transmisgsiors furs L s.mplified

case vhere the earth is ccunsidered to have no atmosphere.

50% cylinder 100% cone

enumbra

0% cone
Sun Umbre

It was mentioned previously that the altitude at which 50
per cent of the sclar energy {at A = k.22 to 4.38 microns) is
absorbed by the earth’s atmospnere varies as the altitude of the
satellite varies. Table III shows the verious correction factors
vhich must be applied.

If the sun were a point sowrce, and if the satellite were at
very low altitudes, the altitude atr which 50 per cent attenuation is

cbserved would be 160,000 feet.




TABLE iI
DIAMETER OF SUN AT POINT OF TANGENCY

FOR GRAZING RAY AT VARIOUS SATELLITE ALTITUDES

SATELLITE ALTITUDE SOLAR DIAMETER

$. MIIES FEET

100 44,000

300 77,600

1,000 147,300

3,000 257,000

20,000 658,000
30,000 ——

100,000 5,100,000
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TABLE III
ALTITUDE OF GRAZING RAY WITH 50% SOLAR EXiKui

TRANSMISSION FOR VARIOUS SATELLITE ALTITUDES

SATELLITE CORRECTION TERMs, FEET
ALTITUDE Spectral Differential Refractive Farth
(riles) Absorption  Refraction Bending Curvature
100 700 - -100 -0
300 +2000 +350 -200 -0
1,000 +4500 +900 -350 -50
3,000 +6800 +3600 -550 =150
10,000 +15800 +6800 -2200 -850

5T

ALTITUDE FOR

50% INTENSITY
160,600
162,200
165,000
169,700

180,400




The spectral absorption correction term can be derived from Figure
(47) and from Table II. The light extinction Aue to differential
refraction can be derived from curves of the type shown in Figure (il).
These values were obtained by taking the extinction «t the center
of the solar image and are therefore only approximate. The refractive
bending has been derived from Figure (5). The earth curvature
correction results from the fact that, for satellites at large
distances from the eerth, the image of the cartn cu. . egcross
the sun is curved. The lsst column of Table III shows the altitude
at 50 per cent absorption including the correction terms which must
be applied. Figure (19) shows the corrected 50 per cent absorption
aeltitude as a function of satellite altitude.

Since the uncertainty in the altitude of the isopycnic surfaces
is about one-half mile at these altitudes, this kind of altitude
correction need be made only for solar occultations taking place when
the satellite altitude is greater than 500 miles.

If possible, we would like to avoid complicating the system by
making this altitude correction. Probably the easiest way of doing
this is by selecting an attenuation level which is less than 50 per
cent an¢ whose occultation surface is (without the correction terms)

a cone which gets smaller as the satellite altitude increases.
Generally, this will be & linear function of the distance of the
satellite from the point of closest approach ~f the ray to the earth;
however, it will not be a linear function of satellite e:titude. As a
result, the dotted curve show: in Figure (20) is obtained after assum-
ing thet the detector discrimination level is set for 46 per cent

atmospheric attenuation.
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Ir. deriving Figure (20) it was assumed that the shape of the cone
mus+ be such that 2 convergence of 21,400 feet results when the satellite

is at az altitude of 12,000 s. miles as shown in the sketch below.

- Ly _

Ar**-—-._‘_7\ I
4 m lihere:
/ s = 14,000 miles
[/ /? o= . s 1E0

165,000 feet

13,400 miles

)
n

X = 21,400 feet

fince X = 4.05 miles, the angle J%;= 3.03 x 107k radians. The diameter
of the sun is 9.305 x 1073 radians, therefore, the discrimination level
must be set such that

AT = 3.03x10“*)__u_= .okk
1 (9.305 x10-3/ I

Tnus we will obtain a cone with the proper apex angle if the transmission

level is set at ahout 46 per cent (4 per cent less than 50 per cent).
Under these conditions Table III mnsi be modified. 1In tne first

plsce, an attenuaticn level of 54 per cent is achieved at an altitude

cf approximately 156,000 feet. To the other correction factors (which

wiil be approxiuately the same), we must add the conical converyence

factor. Wnen this is done we obtain Table IV.

The rns deviation from a c¢yvlindrical occultation surface for a

range of satellite altitudes out to 10,C00 miles does not exceed 1,000 feet.

By prorer selection of the discraiminating intensity for the solar transit
61




TABLE IV
ALTITUDE OF GRAZING RAY WITH
4% SOLAR ENERGY TRANSMISSION

POR VARIOUS SATELLITE ALTITUDES

SATELLITE CORRECTION TERMS, FEET
ALTITUDE Factors from Conical Aititude ror
(miles) Table IV Convergence L6d Tatensity
100 +600 -1,%00 155,200
300 +2,200 -2,600 55,800
1,000 +5,000 -1,800 155,800
3,000 +9,700 -8,400 157,300
17000 420,400 -21,%00 155,000
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time measurement, vhe occultai.on surface can for all practical

purposes te made cylindrical.




o

C. Star Selection

In the last quarterly reportlg, star pslrs were considered which deviated
from diemetricity by less than 3 minutes of arc. This was a necessity for
the rctating aberrascope since collinearizing wedges of lsrosr engles would
introduce significant errors into th: system. Now, for a non-rotating
aberrascope, the collinearizing wedge is not required and the axes of the
T#0 optical systems can deviate mechanically by thc .s==z cigle as the gtar
pair. The devisvion from diametricity can now be as larze as 2.5 degrees
and stars of visual magnitude 3.5 or brighter can be considered. The
star distance from the solar ecliptiz was to be a minimm of 20 degrees.

The use of the 3.5 visual megnitude rsotriction reduces the number of
stars avaiiable from the genaral catalog to 259 from which eight pairs were
found that satisfled the basic criteria. These star pairs are listed an
pairs No. 1 through 8 in Table V. A further stipulation that the two star
pairs be orthogonal within 20 degrees reduced the list of eight paire t»
one pattern of four stars.

In order to obtaln other star pairs the visual msgnitude restriction
vas eased ©o a value of 4.7 or brighter. Using this new value a manual
seerch of the Atlas Coeli 1950.0, by Antonin Becvar, was made to find stars
thet appeared to satisfy the nrior stated conditions of diametricity and
ecliptic distance. Tae total search produced a list of 35 pairs which are
listed Jn Teble V. This listing includes a few pairs vhich dsviate from
diematricity by as large an angle as 3.3 degrees and we:> included because
of their desiravle brightness. Of the pairs listed, those numbered down
to pair No. 25 meet the requirement of distance from the ecliptic.

Tn order to compare tho brightness of the stars undez consideration,

a correction beased on temperature of the gtar is necessary. The ccrrection
as a function of temperature is shown in Fixure 21. A star of spectral
6k
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class AC 1is used as the basis .or the éorrecticn; stars of :vtner
spectral clesses must have an apprcpriate cerrection added to the
apparent magnitude in order to obtain the corrected magnitude Thusg
the magnitude corrected for type (MT) ie the sum ¢f the visusl mag-
nitude (Mv) and the correction facter {(CT). The corrected s+ar
magnitudes are shown in Tavle V along wi%h the cther pertinent facts
about the stars in question. .

In general, this study thoroughly covers the 3.7, sm.l*uvde and
brighter stars, whereas those star pairs btetween 3.5 ani 4.7 magn:tude
ere studies only to a questionslle extent. To determine more asdegustely
star pairs that exist in magnitudes brighter than 4.7 it is concluaed
that a computer study would be needed. Tre study wouid have to be
based on stars that had the magnitude corrected for spectrum classi-
fication and as such would require investigatién cf stars up te &
visual magnitude of approximately 5.0 or brighter. Witk the mesgnitude
determined and the criteria for diametricity, ecliptic distance ard ortic
gonality established, an accurate list of all stars meeting the desired
conditions can be obtained.

As a2 result of the present study it appesars that at least six psiss

of ster~ can be found which have msgnitudes equal or less than &.

(%)

and diametricity equal or less than 3.25 degrees. These psirs are
listed in Table VI. From this tabl it appears that 1if magnitule
is the prime consideration, the stars in group one should be used. This

group also has pairs with deviations from diametricity of ! 5 Jegress.
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Thus far. the star se.ectaicn criteria Lave been such faztrrs
as magnitud- . spectral class, deviation frcm diasmetricity fir the
peir of stars, distance from the ecliptic and finally, the angle berween
two pairs of stars an the grouping of four required fcr the aberrascipz
system. In additicn to “these considerations, stars must be selected
whose positions satisfy the geometrical requirements of the prcclenm.
The btasic requirement with respect to the geometry 1s that the stars te
selected sc as to be occulted by the earth at scme . ..o in the

satellite orbit. It is obvicus that if no cccultaticns cecur

v
PR 52

occultaticn times can be measured.
The necessary and sufficient condition that an cccultation of s
star occur is the fcllowing:

.

¢ 2 cos i sin§ - sin i cosf sin (x ~ Q)= f {§)

where ¢ = R/a

R = Radius of ncculting sphe:re

a = Radius of orbit

i = Inclirnation of orbit

§ = Declination of star

« = Right ascensicn cf star

1= Angle to line <f nodes of orbit

The assumptions mede are that the cccuiting b>dy is a sphere snd

that the satellite oroit is cir ilar. If we assume *hat the <rrital
inclination is btetween zero and ninety degrees and als~, that the
decliration of the star in questlorn is alsc between zer. and :inety degrees,
a necessary and sufficient conditicn that an OCCLlEatlUC occur fir any
value of the angle ic the line of nodes ({1) is the foliicwing:

¢ 2sin {i+ §) 0 <00 < 360°
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STAR PAIRS .
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TABILE V
T i
No. General R.A. Decl. | Tygpe Mag. Mag. Variation | Distance
. | Catalog 1950 1950 Apparent| Correct 1+Cm from
No. : for Diametricity | Ecliptic
] Type {degrees} | (degrees)
147 |00 06 29.8f 58 52 27 | dK2 2.u42 2.72
1 278 58
16724 |12 12 28.6}-58 28 15 B 3.08 3.03
792 |00 37 39.3; 56 15 49| gKO 2.h7 3.17
2 1.380 51
17052 |12 28 22.7:-56 50 O1 Mh 1.61 2.k
1500 | 0L 06 55.5| 35 21 22 | M0 | 2.37 | 2.2 -
3 2.h45 28
18039 |13 17 L6.71-36 26 5T A2 2.91 2.97
2572 |02 06 33.5; 3k 45 06 | dAS 3.08 3.09
L 1.493 23
19033 | 1k 03 43.9|-3€ 07 30 | &GA 2.26 2.66
3664 |C3 01 09.6| 53 18 b | F78A3 3:.03 3.13
5 1.822 36
20418 |15 08 40.8[-51 54 38 G5 3.50 .20
5164 | Ok 13 46.51-62 35 55 G5 3.36 .06 B
6 1.5%90 84
22101 |16 23 18.5| 61 ~7 37| &G6 | 2.89 3.59
6226 |05 03 0.2/ k1 10 08 B3 3.28 Eféé"
7 2.265 18
23180 |17 98 34.0|-43 10 31| ATn 3.0 3.6k
12831 |09 15 45.1/-59 03 54| FO | 2.25 2.50 o
8 3.316 75
26848 |21 17 23.2] 62 22 24 | ATn 2.60 2.80
6hs | 0030 08 b| 62 35 22| B | h.2h %.20 T
9 3.25 59
1737k | 12 kb 47.31)-59 2k 57 Bl 1.50 1.46
1715 |01 22 31.5| 5958 34| au | 2.80 2.90 1
10 ‘ 47 51
18087 |13 19 23 |-60 k3 37 BS 4.62 k.52
oh77 | 02 00 k9.2) k2 05 27 KO 2.28 2.98
11 1.069 30
18874 ! 13 55 13.3|-Lk1 51 27 B3 k.05 h,00
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STAK PATRS

TABLS ¥
(cont.)
I ' T
.1General R.A. Decl. Type! Mag. | Mag. Variation | Distance
Ca%talog 1950 1950 Apparent ' Correct from from
No. for Diametricity| ¥Yeiintic
b _ | . Type fdegrees) | (degrees)
3300 | 02 b1 ih.s|-ik oh 10} B : 139 | k.o
t 735 - 30
5777 1h 38 b5.6] 13 56 30| A2 ; 3.87 3.9t
3484 02 56 21.y1-4G 30 15 a2 3.42 3.55"
13 70k 57
20226 |15 00 3.7 ! 4035 1z| GS 3.63 L.23
|
SThT 07 16 51.6!-67 51 57 F5 h,02 k.37
14 ' : 501 ;30
26520 19 12 32.9| 67 3% 25 KO 3.24 3.94 |
2289 | 01 50 46.4} 63 25 30| B3 3.4k 3.39
15 | .362 52
18845 13 54 00.4!-63 26 34| KO L .68 5.38
2756 | 02 14 43.4{-51 bk 35 B 3.78 3.68 -
16 -155 l 65
19269 s 1k 23.7] 5135 50! A5 4.78 k.83
3463 | 0250 h6.2|-75 1617, k2 | b0 | 5.2 -
17 \ .9:2 89
20029 | 1% 50 49.7/ T4 21 357 X5 2.2k 2.99 |
4730 03 52 59.5| 62 55 411 R9 4.87 L, 77
18 : 3503
21332 15 50 43 | -63 16 L3 FO 3.04 3.29
7287 | 05 46 03.9/-51 05 02| A3 | 3.9% | L.ok i
15 400 <
24221 17 47 52.5] 50 47 31 A2 5.09 5.29
7587 | c5 57 33.2]-03 ok 29| ko | 4.8 | 5.38 B
20 .152 27
24509 17 58 08.4 02 55 56| BS5p 3.92 3.82
11950 | 08 39 24.1}-15 ks k5| xo | k.98 | 5.68
21 ! .506 24
28780 | 20 37 18.9 15 Lu ok| A5 3.36 k.01
12923 | 0019 b5.01-62 11 28| Ko | 14.86 | 5.5 -
22 : .330 78
29848 21 17 23.2) 62 22 24| A5 2.60 2.75
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STAR PAIRS
TABLE V
{voml)
No.| General R.A. Decl. Type Mag. Mag. Variation Distance
Catalog 1950 1950 Apparent | Correct from from
No. for Diametricity | Ecliptic
Type {degrees) {degrces)
15340 11 06 51.6] b b6 12 KO 2.15 3.85
23 ) 758 39
32270 23 ~7 32.1| -45 31 05 G5 k.10 72
15547 1L 15 k7.01 33 22 02 <k0 3.71 Bk |
2k .566 29
3250 23 16 07.7 | -32 L8 17 KO h.51 5.21
7587 05 57 33.2| -03 0% 29 | KO 4.68 5.38
25 .210 26
24509 17 58 08.4k| 02 55 %6 By 3.92 3.82
238 00 10 39.k| 14 5L 20| B2s 2.87 2.83
26 o,k30 ik
16740 12 13 13.9| «17 15 52 B 2.78 2.68
2538 | 02 Ok 20.9| 23 13 37 | eKe 2.23 ~.98 N
27 . 3.22C 11
19029 14 03 31.1| ~26 26 33 | &K3 3.48 L. .26
6029 | O 53 ik.0| 33 05 20 | gK3 2.90 | 3.65 - o
28 1.820 10
22640 16 b6 55,2 <3k 12 16| gG9 2.36 3 06
8208 | 06 19 56.1| 2232 23! am 3.19 | s.01 i
29 ) . 3.125 3
25180 18 2k 53.0| -25 27 Ok | gK1 2.94 2 6k
3391 | 02 47 02.1| 27 03 26| BB 5,68 | 3.58 B |
30 LT00 11
19954 | 1h b7 20.7) -27 45 12| K2 L.63 5.38
5599 | ok 32 5h.3| 1003 35| A3 .8 Y B
31 549 12
22332 16 34 24.1f -10 28 03 B0 2.70 2.65 ,
6306 05 06 50.1] 15 32 €6 FO L .86 5.10
32 220 7
23158 17 07 30.5| -15 39 53 A2 2.63 2.68 i

€9




STAR PAIRS

TABLE V
(cont.)
No.| Gensral R.A. Decl. | Type Meg. Mag. Variation Distance
Catalog 1950 1950 Apparent | Correcs from fronm
No. for Diamet~icity | Eccliptic
— — —— Type (degrees) (degrees)
15511 | 11 14 07.1}-03 22 k1| A5 k.58 h.73
33 .386 8
32415 | 23 14 34.3| 63 00 32| KO 3.85 4,55
16425 |11 58 18.6] 06 53 35| A3 b.57 1 h.ET
34 .658 7
33330 23 59 23.7| 06 17 31| M6 4 .66 5.46
16189 | 11 46 30.6] 14 51 06| A2 2.23 2.27
35 1.540 12
32931 23 40 07.8]-14 L9 18| A0 k.62 4 .62
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TABLE VI

AEERRASCCOPE STAR GROUPS

Group|General | Constellation | Type | Magnitude | DPavisiicr | Aczie Distance
No, [Catalog (corrected) from | botween from
No. Diametricity | Pairs Ecliptic
N T B (degrees) | (8egrees) | (deurees)
2572 ,8 Tri A5 3.09
105 23
19033 8 Cen KO 2.66
* 5164 . Ret G5 4.06 102
1.5 8h
r 22101 ‘rl Dre GS 3.59
ék4s K Cas cBoe L.20
3.2 59
17374 /3 Cru Bl 1.46
2
3300 ar Cet BS k.29 99
6.7 30
19777 ‘f Boo A2 3.91
1400 A And MO 3.22
18039 L Cen A2 2.97 2.4 28
3
3584 6 Eri A2 3.92 99
0.7 57
20226 B Beo G5 k.23

T




For values of the angle to the line of nodes between the right ascen-
sion of the star and the right ascension plus 45°, or in the rarge
right ascension pius 135° to right ascension plus 360°, the following

is & necessary and sufficient condition that occultation occur:

c2 cos isin§ +(1/ V2 ) sinicos$
SCERS o+ 45°
L 255°"0 el + 360°
Thus for 75% of all values of 8 , an occultation will occur.
For values of thc angle to the line of nodes between the rigat
ascension plns 180° and right saseension plus 36C°, the following is
a necessary and sufficient condition that occultation occur:
¢ 2 cus isin§
1 this case, for 50% of all values of & , an occultation will occur.
These three conditions are illustrated graphically in Figures 22,
23, and 2k, As an example, (for a 300 mile orbit where ¢ = .93)
assume that an orbital inclination of 15° is desired. Then, if
occultation is necessary for all values of S, it can be seen that
stars must be selected which have a declination between O and 23°
or between 67° and 90° where .93 > (é;).
The reason for considering varying velues of the angle to the
line of nodes {{LL) is the regression of tane line of nodes with time.

The rate of regression (AN) is given by the fnllowing:ao

2TIRJ cos 1

5 radians/rev.

A= -
a{l-e’)
vhere J is a constant (1.638 x 10'3) and "e" is the eccentricity of the

orbit. This equation can be used to cetermine the time in years required

12
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for the line of nodas to regress thru an angle of 360°. For a circular
orbit where "e" equals zero, this time in years (T) 35 expressed as
follows:

T = 85/2 secant 1 x 10-9

This equaticn is plotted in Figure 25. Thus for a 300 mile orbit at
zero inclination; 1.3 years will be required for tn: ine of nodes to

regress 360°.
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IV SYSTEM ERROR ANALYSIS

In this section two related and complimentary topics ore discussed.
The first concerns those @rors iniroduaced into the final calculation by
the effects of méteorolog;cal irregular iies and instrument exrrors; and
the second concerns computationsl errors. Errors of the first topic
result in errors in the measured time of accwlfat.ca. 22ik.ugh these
errors can be known end ccmpensated, errors wili still remain in the
final calculation because of the facté thet the system equation does
not perfectly fit the problem, and the computer imposes limitation on
the accuracy with which the problem can be solved.

A. Physical Errors

The sources of errors can be enumerated as follows:

1) Meteorological Errore

a) Systematic errors in mean latitudinal and seasonal
corrections to nominal isorefraction altitude.

b) Statistical fluctuations in etmospnere causing
deviations from assumed altitude.

c) Scintillation due io small scale inhomogeneities
in the atmosphere resulting from wind shear.

d) Background noise due to scattered radiation from
the sun.

2) Instrument Errors
a) Systematic errors in measurement of the time at which
refraction builds up to a preassigned value. (This
error is equivalent to an angle error in the instru-
ment refraction measurement).

b) Random instrument errors in transit time measurement.

¢) Error due to changing aberration during refraction
build-up.
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d) Error due to altitude drift of platform because
stars are not perfectly diametrically opposite.

e) Error due to reference clock.
3) Computational Errors

Given a sufficiently large computer, the computational
errors shouid be much smaller then those listed under (1) and (2);
however, since our goal is a self-contained positiornal accuracy of
absit 1 mile achievable with a computer of minimum w2 +-* | ceriain
sources of computationzl errors will require investigation. Ve
may not be able tc ignore the ellipsoidal shape of the earth, the
nodal regression, the precession of the perigee, and tl.e problem of the
rate of convergence of ilhe successive iterations.

To indicate the influence of some of these errors, 1t is instruc-
tive to consider the sensitivity of the satellite altitude claculation
to ihe errors in the altitude of the occultation surface. To do this
ve will examine a simplified case in which the plane of the orbit is
known and in which the orbit is circular. If ve sel:ct two diametrically
opposed sters which lie in the orbital plane, a geomatry of the type
shown in Figure 26 results. (While this is valid here, see conclusions
of paragraph IV B concerning in-plane stars.) The parameters shown in

Figure 26 are listed below:

Jf; Oroital radius
Lo

Le
b’

Radius of occulting surface

Radius of earth

Earth's central angle which subtends one half
of the arc between 4ngress and egress

19




inpress of No. i,\ T e Egress of No.2

Star No.2 _i/

Star No. i

P

b
/

ol g xe 26
Ir~Plare Star Fairs

Rather than calculate the value off s from the orbital period as was done
1 previously, we will now calculate ﬂ s by msooiuring the times of ingress

of star 1 and egress of star 2.

= Tor an inverse square law central force field and a circular orbit

we may write

3 3/2
- T = 21 - 277'/>s

o) /oe /""/2

From the geometry shown above

/"s

-1
2) = 2coe (
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If t time of egress of star 2, end

ot
[}

time of ingress of star 1, then
3

ti. Thus, we cannot obtain a direct solution for fs. However, we can
obtain the error sensitivity coefficients in explicit form.

If we assume that the errors in fo B te, and ti are small and un-
correleted, then we need retain only the {irst order term in the Taylor's
expansion end may write

2
o ()7 = ;s a (L) +<g¢)a(te)a+<@—’f—>c (5,)2

This amounts to separating the meteorological and instrument errors, i.e.,
the (t) are rms errors due only to the instrument time measurement and
are not functions of the isorefraction surface errors, g ( fo). To
determine the value of Yz we take the partial derivative of the cosz

o
equation with respect to fo' Thus

LAY 2L @ofs
i
2 aﬁ) Sn?f fs /os 5/00)

From the expression for the orbital period we can write

QL. @ﬁ)

/o af’
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In the limiting csses we have 1lim J /s

fre Oa
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R I it AR

Because of the maximum value - 3 ;’o Z = 1, we can conclude thaet the effect
of exrors in the assumed altitude of the occultation surface is to

creste errors in the calculated satellite altitude which are no greater
than the /” o errors. Actuslly, if we had completed one orbital. rotation

and measured T directly /ﬂs would not be a function of / o and therefore

J Y.
8 /o 8
= 0. PFigure 27 shows the manner in which varies with .
Tre gure 27 7. /s

If veaow take the partiael derivative with respect to t, (or ti) in

the same manner as before we obtain the expressions

[T-(te'ti> (—)J—z—)] 8in ¢’ -f/{& (9/5)

B Qlte

J
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where

(),=CO5°1_//_:%;sina,-;"f]__(fo//os)e;'r:g};ﬂ; ,/:83

The value of this error sensitivity ccefficient under the limiting

cases becomes

1im ) lim )/a
pp ) = peelE) 0

An examinetion of the original equation will show thet

(—;L> - -(‘)"%

Figure 28 shows the values of (T—) for various satellite altitudes.

Note that this sensitivity cocfficient has a maximm. The location of
this meximm has not been evaluated asnalytically, however, an iaspection

of Figure 28 will reveal that the ma:dmum value of Le = .96, and that

“dte
this maximum lies at a satellite altitude of about 1200 miles.

One or two comments are in order regarding the implications of
Figures 27 and 28 on the ultimate accuracy achieved witk s system of
this type. Since the rms errors in /"o from meteorological uncertaintles
are about 0.5 mile, Figure 27 indicates that the errors in the satellite
altitude due to this eifect alone will be equal to or less than 0.5 mile.
If we allow the refraction to build up to 10 seconds of arc, then the
refraction rate will range from 2 to 6 seconds of arc per second. It

is not unreasonable to expect that the refraction can be read to an

8k




SRANI LIV JLITTITVS m.oon.; v .m.l,.ﬁMI ‘INNTOTAAAVD XITALIISNIS HOWHH
gc 9Xn3TI
STTIN ‘ANILTIV ILTTIILVS
00000T 0000 000T 00T o
[ T

| I 2° m
S

[¢2}

! g
5

—— ﬂ-l — J.
lz .o

\&ﬁ..mw .& € OQ\ ; WA - Pl@ . m

| utrs I B/ S Q

| R / /o \ m

: 9° 5

,/ 2
N\ \ w.m

N
// _ | 8
/ \
P
/ll\l\\.
| i t c"1

l vheowy —y

85




B

accuracy of at least 0.5 secoands of orc and theréfore the lustrument time
error will not exceed .08 - .25 seconds. Under these conditions the
maximum error lun /”) g Gue to instrument errors alone will be about .2
miles.

It therefore appears that the errors due to the meteorological
fluctuations will be larger than the errors due *< the inztrurant re-
fraction errcrs. Py determining the semi-major axis from one complete
orbital rotation the =ffect of some of these meteorological uncertainties
cen he reduced. If the isorefraction surface follows some kind of resson~
eble function (of perheps 2 or 3 parameters) and if the statistical
fluctieations from this mathematical mode is small, then additionsl star
transits cen be used to effect a large improvement in the cecuracy of the
system compared with the case where one must estimate the shape of the
izorefraction surface from prior data.

In some applications it is necessary to be able t¢ calculate the

satellits velocity with great accuracy. Since
1/2
Vel 5 (G~ - Les ]
Ul o B

If/g = 3960 miles, /08 = 3960 + 300 miles, g = 32 ft/sec, then

the error sensitivity coefficient is

_%% = 5.54 x 1074 feet/sec/foot

As was shown above, the errors in /08 will be cf the order of one mile;
therefore, the error in the calculated satellite velocity will be of the

order of 3 feet/sec.
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B. SYSTEM FQUATIONS FOR THE OCCULTATION TECHNIQUE

Tae derivation of the equations upon which the occultation
technique is based will be sketched in this paragraph. Two
assumptions are first made vwhich, while comsiderably simplifying the
aualysis, dc not seriously limit the epplicability oo ths technique,
These are:
1) The occulting body or planet is considered & sphere.
Thus, the shadow boundary formed by the stars aud the
planet will be a right circuler cylinder extending
from the edges of the planet to infinity in a direction
away from the star.
2) The second essumption is dynsmic and states thet the
orbit shall be & Kepler eclipse in inertisl space, i.e.,
vhe satellite moves in a central force field.
The assumption (2) can be relaxed somewhat to allowing effects
such as nodal regression, apsidal precession, etc., which are sufficiently
small. This is valid since the proposed techniaue gathers sufficieant
data for a complete orbital determination in one satellite revolution.
Although the mathematics become somewhat more complicated, sssumption
(1) can also be smended to include plenets in the form of oblate spheroids;
however, this refinement is not discussed here.
We now proceed with the analysis. Consider a cartesian coordinate
(X, Y, 7Z) system with origin at the center of the earth, Z extending slong
the north pole, and X poiznting toward the first point of Aries. This

is called the "astronomical frame," or the inertial frame, and it is the

one with respect to which the parameters of satellites are usually given.
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If we erploy annther reference (¥, y, 2) frame having the ssme origin,
but with the x~-y plane conlaining the plane of the satellite orbit, we

can write the position of the satellite with respect to the astronomical

frame as:
X cos {€ + W)
y |= APB sia (6 + W) 3
\ Z / 0 /
vhere
2,
o _ 8(l-e)
/% l+ecos@
= instentaneous radius of the satellite
a = penmi-major axis of the orbit eclipse
e = eccentriciiy
&) = argument of perigee
© = real snomoly (function of time)
and
cosf, - cos 1 8in gin 1 sin .0 \
B = slnf). cos 1 cos ) sin i cos 41.
(o] sin i cos i
with

AL = argument of the line cf nodes, snd

TN
]

inclination of the orbit plane

Furthermore, under assumption (1), we can construct a third

- carteslan reference system (xl'{, y]", 21':) again having the srcme origin

but with zl; extending toward the star under discussioa (the xth star),
and Yi lying in the X~Y plene. In this frame the equation of the

occulting right circular cylinder becomes
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x}'g\ /,/o cOS/lk

Yie /o 30 Uy
2y 2
where f’o = radius of the occulting body, and

/U x = angle in the x} - ¥f. plane measurcd from the xi axis

Noz et the moment of occultation, some point on the orbit eslipse is
coincident with some point on the occulting cylinder. To mathematically
cbtain the implications of this physical fact, we must transform (1)
into the k'® stellar frame (xk) ¥4, 2%) and set it equal to (2). The

transformation 1s accomplished by means of the orthogonal matrix:

cosd, sinely cos O} sinfk - cos[k \\

Ay = -sino(k coso(k 0
coso{y cos Sk sinx, cos gk sin £k
where
o{,k = right ascension of the rtk stay, and

.
s k = declination of same

Thus, the £inal geometrical relation is embodied inthe matrix equation:

o 98 Ukj /cos (05 + a)
Po Binfiyg | = pyhB [ sln/3 +w) (3)
21': 0
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Here the subscript j can take on values 1 and 2 corresponding tc ingress
and egress respectively.
Before obtaining the final explicit form of the equations for the

occultation technique, let us examine equation (3) ia the light of what
can be experimentally measured. It is currently pioposed tu meaasure <we
quantities during an occultation. One of these is the time at which the
magnitude of the refraction becomes 10 sec while the other Js the direction
- of travel of the ray in Iinertial apace es determined b3y che yatic of the
two components of refraction. The latter is measured in a plane perpendi-
cular to the sight line to the kth star and therefore constitutes a
determinat’on of tA k3§ The former can be used as an input to Oj. Thus,
we cen only use two of them end we shall now write these in a form more
amenable to the inputs. Upon squaring and adding all three egustions of
(3) we f£ind that

PR PR )
K? This ylelds s relation independent of kJ;
Lo
s

| +c055k sin (OJ+w) cos 1 sin (x, - 1)

- - l-

= [cos Sk cos (93 +w) cos (0‘“ - .a.)

. + 8in 51; sin 1 sin (0J +W ﬂa (5)

An equetion independent of both /"o and /0 3 can be obtained by dividing

the second squation of (3) by the first:




1]

Knmmrcaty Tvosveny Fosmmmnt)

]

[
.

tan Uy 5 = [cos isin (65 +w) cos (X, -.A)
—cos (05 + W ) sin (&, -A.)]
X {sin Sk cos (63 +w) cos (0(k -1)

+sia §) sin (85 +w) cos 1 sin (X -A)

~~
(o2
~

—cos & sin i sin (85 +w) ]t

These letter two emnuations form the basis for the occultation technique.
The known quartities are usually /90, M50 Xy £ K &nd tk 5 the time
of occultation. The unknowvns are a, ¢, i, v, , and T,: the time at
perigee (contained o 93). Since we obtain one psir of equations (5) and
(6) at each occultation, it is easily seen that 3 occultutions are needed
to completely determine the 6 orbital parawseters.

In the case of solar cccultations,; it does not seem feasible to
determine M4 ; and taerefore in this case, equation (5) would be the only
one usable. In this instance, one then only needs 2 stellar occultations

and 2 soiar occultations to determine the parameters of the satellite orbit.
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C. Results of Error Analysis

An error analysis was performed during the last few months
on the equations basic to the occultation technique. In order to do this,
specific orbits and stars hed to be chosen, but the results seem to lend
themselves to general conclusions regarding the applicability of the
technique.

‘The stars chosen, together with some associated charatteristies
are listed in paragraph IIC of the first quarterly rer.rt. These form
a tetrad consisting of 2 pairs of diametrically opposed stars approximately
orthogonal to each other. The inclination which their plane makes with the
equator is about 60°.

There were several sets of orbits chosen, but those which were
exzmined closest are discussed here and exemplify the general results.

The class of orbits examined herein all have the following parameter in

common
a = 4260 miles
e = .01
i= /2
& =0
T =0

The omitted parameter (). was sllowed to take on 6 values distributed at
60° intervals about a circle.
While the full technique proposes to measure the time as well as

the direction of the stellar ray during occultation, this analysis asssumes

that only time is measured. Furthermore, with the class of orbits considered,

there was no L for which one of the stars did rcot occult. Thus, during
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each rctation, 8 %imes were measured. This represents an overdetermination
of the results. Since only 6 inpubs are needed to calculate all of the
orbii parsmeters there are 8!/ (8 - G} ! 6 ! = 28 possible combinations
from vhich to do this. To further complicate matters, it wes decided to
calculate the semi-major axis a from the period meésuréme;t: .

fﬂ;_?__3

]
Then the error in a amounts only to 0.47 miles for an error in the period

of one second of time. ‘Since this is considerably better than is expected
from the full occultation technigue, we will assume tha? e is given in
this manner. Then only 5 parameters remain giving 8! / (8 - 5) ! 5 !=56
rossibie combinations to use. Therefore a rather arbitrary selection of
inputs was made according to Table VII. It might te noted here that it .
will be essential to select the best numericel data in the presence of
redundent but independent information (if the data is dependent, the selection
is not so difficult as discussed later). While & weighted average is often
helpful, this will probably not be as useful in the present problem as
thc development of criteria for the selection of those measurements which
can yleld the least rms error in tke final calculation of the satellite
position. As a result of our instrument error analysis the most accurate
measurements will be as follows in order of accuracy.

a) star trensit times, 1-2 miles

b) soiar transit times, 2-4 miles,

c) star refraction rate, 10-20 miles

d) star refraction direction, 20-40 miles,

¢) siar intensity 30-60 miles
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TALIE VIZ
INEUE SELECTION

T
SR INGRESS EGRESS
1 X X
2 X X
3 X
h .
Tae calculation proceeded as fellows: the prozesy ~v the AD/EIS*
F
cemputed all the é_k_
6xJ
where ¥ are the orbit paramsters. Then the inverse of the resuiting
’ F
5 ¥ § matrix multipiied by a liagonal matrix consisting of "‘a'% k
L] ’ x i
protuced all 36 of the sensitivity coefficlents — J
QM

where ti are the occultation time measurements. What is wanted in the

firg: analysis is the sigma error:

- S

\z,) are piotted ir Figures 2G through 33 againsh fI assuming that

{al

o/\.t’l} =o'(t2) = e 0 0 = o“:ts) = el sec.
Of csurse, the plot of o-(a) vs.f) does not appear since this is a

~ngtart due to its method of derivation from the orbital pericd.

These graphs have at least une thing in common: two peaks situated at

-

50° and 220°., Upon examining the geometry it is found that in both

cf these inatances, the line between the star pair 1 and & lies nearly

in the pisne of the satellite crbit., Since, as seen from Table VII nearly

*jenerai. Mills Compuker, Adaptable Digital Electronic Computer System
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all of the inputs come from this pair, the general conclusion can be drawn
that stars which lie in the plane of the orbit lead to large erxors in
the determination of that plene. This conclusion is supported by the
other classes of orbits considered, though not discussed here.

Another conclusion cen be obteined by considering the relationship
between the eccentricity of the orbit and the diametricity of the sters.
If we select a circular orbit, i.e. one with e = 0, the., since the
occulting surface cuvs the orbiv plane in an elipse, we have the relation

shown in the figure below:

oit
/ orb

~—2__ curve (elipse) made by the
intersection of orbit plane

and cceulting cylinder

It can easily be seen that a measurement of the times at 1 and 2
leads uniquely to a determination of the times at position 3 and 4.
Thus the equation derived for these are dependent wpon thoge for pusition
1 end 2 and hence do not yield additional data, but merely repetitive data.
This is & consequence of the diametricity of the star pair coupled with

the circular shape of the orbit. To apply this to our case, we see




L T s 51

tavomarmn

that the orbital eccentricity e = .01 is quite small yielding a nearly
circular orbit while the stars are within a few minutes of arc of being
diametrically opposite. Thus frem the gbove discussion, an explanation
of the large errors encountered in the graphs is attained. Ncte that
this does no only apply for the two peaks ats) = 60° end 240°. This
is a general effect dependent only on the circularity of the orbit and

disgetricity of the star pairs.

In the light of these observations, three other points were calculated

and plotted on the graphs. 1In all of these it was assumed that a, e,
andw are given from other sources in order to do the celculations by
hand. In other words, only o~ (i), g (/2), and a‘(To) were found,
assuming the remaining 4o be zero. Also the interaction between the
low eccentricity of the orbit and the near diametricity of the star
pairs was taken into account in the selection of input data.

The point at.(L = 240° denoted by /7] used. inputs:

Star Ingress Lgress
1 X X
2
3 X
L

It is seen that the errors are indeed smaller, but still do not become
as low as desired. However, this is the very value of Afor which star
pair 1 and 2 lie in the orbit plane. Thus what should be investigated

is an (L value not 60° or 240°.
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The point et (L= 300° denoted by B satisfies this somewhat. '“the
sie inputs were used and the errors also are reduced to scme extent;
hcwever, while pair 1 end 2 ere not in the orbit plane, pair 3 and & are
fairly close and hence may contribute to the error.

The point at (). = 240° labeled A\ used inputs:

Star Ingress Egress
1
2
3 X X
L

This star does not lie in this plane of the orbit, nor do we use
dependent information from diametrically opposite stars. Only two
pleces of data are therefore available at this value of 4L . Therefore,
it was decided to calculute only /) and 1 using T, from so;ne other
source. It is seen that in this instance, g~ (/L) aud g~ (i) are
considerably reduced though still not as far c.’ we would like in view
of the possibility of g~ (t) teing greater than .i second. However,
it must be noted that star #3, while not in the orbit plane, is not dis-
placed considerably from it. The angular distance is about 33°.
In summary, the conclusioas which can be drawn from the analysis are
as follows:
1) It seems most important that information derived from
occultations of stars lying in the orbit plane be not
used to calculate this plane.
2) 1If the satellite orbit I8 nearly circular, information
from diametricslly opposed star pairs, even though they
te out of the orbital plene is redundant and caunot

therefore be used to generate a set of aimultaneous
equations which are uniquely solvable.
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In spite of these restrictions, if we have at least one
star pair ocut of the plane of the orbit, and we make use of solar
occultations in the necessary cases, we can determine with the
required accuracy all of the orbital parameters. For instance,
if'one star pair line lies in the ortit plane and one stellar egress
occurs in a sun-1it atmosphere (thereby introducing sufficient
noise 1o render this time umeasurement unusabie), the semi-major
axis, a, can be detexmined by a period measurement ui.'ng tne in-
plane stars while the remaining 5 parameters can be calculated from
the 3 remaining out-of-plane stellar cccultations plus two soisr
occultations. If the orbit is cireular, we have more occultations
than unknown parameters and can therefore select the combination

that produces the most accurate results.
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V.

INSTRUMENT DESIGN
A, General Description

In the previous quarterly report, emphasis was placed on the
analysis of an instrument which was capable of measuring aberration
angles, and from these measurements, the position of the satellite
over the earth was computed. At the same time, consideration was
given to the phenomena of refraction and stellar occultaticn. It
was noted that by measuring the time at which refract.on built up to
a prescribed level and by ascribing this time as the time of occultation,
a very accurate determination of the orbital period can be made. By
noting occultations of several stars in sequence, the orbital elemeéts
can be determinea ty the solution of five simultaneous equations
with five unknowns.

Since the measurement of the refraction phenomena and the subsequent
occultation time holds promise of more accurate position determihation
than the aberration measurement, GML proposes to build a satellite
guidance instrument based on the refraction r:cauring capability. The
propesed instrument will be capable of measuring acerration as well
as refracticn; however, since the refractlon rate is much greater
thaﬁ the aberration rate, the instrument will have a higher response
rate but will require .ess accuracy. An occultation time measuring
instrument will require to measure the time at which the angle
betweer. two stars changes to some arbitrary value. As tie line of
sight to a particular star dips down into the atmosphere of the earth,
this sight line will be refracted 1o & magnitude of 10 seconds of arc
in a matter of only 10 seconds of time. The arbitrarily selected value

will fall within this range of refraction.

i
v
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The star tracker arrangement which is proposed for the occulta-

tion technique is similsr to that previously proposed for the aberra-

tion technique in the follcwing respectss

1)
2)
3)

k)

The complete system is composed of I star trackers.
Two pairs of diametrically opposed stars are used.

The star pairs are approximately orthogonal to one
another.

The measurement cf the relative positiv- -z of the
stars is independent cof the direction <’ pouinting
of the telesccyes.

Photomultipliers are used for radiation detection.

Twe Cassigrainian telescopes are mounted back-to-back.

A knife edge prism to be used for image spiitting.

The star tracker srrangement whi~h is proposed for the occultation

technique differs from that previously proposet for the aberration

technijue in the following respects:

1)

2)

3)
1)

No rctation of the aberrascope ié used.

No optical elements extcrnal to the telescopes are
used (such as collinesrizing weiges or Herschel wedges).

The diametricity requirement is —elaxcd. -

Brighter stars can be found because of the relaxaiion
of the diametrieity regquirement.

The ultimate accuracy requirement in the measurement
of relative star positions is relaxed by one order of
magnitude. -

The response rate of the error detector is increasged
by approximately one order of magnitude.

A smaller, lighter weight optical system cuu be used.

The electronics can ve simplified.

It is reccognized that under certain restricted geometries, the

occultacion technique does not supply adequate information. An
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investigation of other sources of information has indicated that these
protiems can be avoided. Thus the occultation technique provides alnost
as gereral a solution for the determination of the orbital elements as
the aberration technique.

The 1mportant concept concerninrg the occultation measuring instru-
went 15 the fact thet instrument stability is required over a very short
pericd of time, a matter of 15 seconds at best. This mean: ihat the
shsolute alignment of the star trackers relative to one another is less
wmportant and that the effects of thermal transients are small. Vhen
r~fraction measvrements are not being made the instrument is used for
artitude control which can be maintaired to an accuracy of at least
5 seconds of arc  The absolute alignment errors of the optical systenm
{betwe.n the opposed telescopes) are not significant and rotation of the
system to cancel out these errors will not be necessary. This change
from the aberration measuring instrument is very advantageous in that
the problem of designing a large becring of high accuracy to operate
in the hard vacuum environmern' is eiiminated. Aiso, the requirement
for slip rings to provide power and take out electrical signals is
removed With these changes, it is easy to see that a substantial
simplification has been effected in the incirument design.

Now since aberration is not being measured, the requirement for
the Herschel Wedges is no longer present. An angle measurement is
still necessary, but a higher response rate will be necessary. The
Herschel Wedges, bring massive devices, could not conceivably be
considered for this use. Extremely high drive forces would be neces-
sary to accelerate the wedges and the resultant dynamic error would

be large Without tbe Herschel Weages, the burden of meking angle
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measurements £ails upon measuring the displacement of the center
of tﬁe knife edge detector. Tnis alternate was wenticned in our
Quarterly Report23 and represents a clean design, provided that
adeqﬁate accuracy can be preserved. The use of an interferometer
is one poussible method by which this measurement can be made.

Since the entire instrument will not be rotated, tae reguire-
ment for diametricity can be rclaxed. Withcut the rotationsl feature,
the knife edge dctector is not required to be drives .hru aa angle
proporticnal to the deviation from dismetricity with each revolution.
The éollinearizing wedge can also be disposed and stars can be
selected which deviate from diametricity by larger angles, for
example, 2 degrees. This in turn will permit the selection of
brighter stars and tre aperture of the optical system will be
reduéed tc 4 inches. It will also be shortened from about 32
inches to 2L inches in over-all length.

A single axis detector {a knife edge prism) will be used for
the error detector of the instrument. Sirce the entire system is
non-rotating, it will now be necessary to rotste the knife edge
detector. This can be done guite readily by tuilding the knife
edgeé on the ends ¢f the shaft of a small motor. This motor wiil
be hermetically sealed with its own atmoéphere and windows will
be provided on eack end of the package to admit the incoming stellar
radiation. The rotor ¢f the motor will ﬁe mounted on air tearings so
as to remove the possibility of oil settling on the optic.i surfaces.
This rotating error detector will be the heart of the refraction

measuring instrument.
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The steiler rediation which impinges on the rotating error
detector will be reflected cutward in a conical pattern. This energy
must be collected and refccused on a photomultiplier tube. The use
of a section of an ellipsoid of revclution will accomplish the
necessary collection of cnergy and chopping can be performed by
making alternate portions of the eilipscid black or mirrored surfaces.
Thus the image is rotating and the chopper is stetionary; & reversal
of the usual procedure but r.onetheless an adequate -~iulicn. -

The signcis from the photon “tipl.ers will be combined in
suitable logic circuitry and sppropriate error signals will be
produced. These error signals will ve used to drive four servo motors
which will articulate the ends of th> rotating error detector package in
directions normal to the cptical axis. The servo motors (two on each end,
one for up-down motion and one for sidewise motion) will position the
retating error detecter so as *o reaca a null position where the in-
coming image is centered on the knife edge. The magnitude of the
linear motions required at Lhe eads of the rotzazing knite edge package
is plus or minus 0.050 inches. This figure is cbtained by assuming -

an effective focal length (EFL) for the optical system of 100 inches;

then allowances for the follewing motions are made:

Annual aberration 20 seconds
Satellite aberration 1v seconds
Attitude errors 10 seconds
Refraction 10 seconds

Total 50 seconds

To be conservative ard also 1o allow for ascquisition, the maximunm

travel will be assumed to be more than twice the velue totaled above
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Allowing for both 1ositive and negative values, a total range of 400
seconds of arc can be achieved which in turn is ~quivalent o a
linear motion of 0.20 inches or plus or minus 0.10 inches.

The servo drive mechanisms which will articulate the rotating
error detector package will be hermetically sealed units. Each unit
will contain a servo motor, tachometer, gearhead, and mechanism for
converting the rotary output into a linear outpmt. With ti:e linear
motion reguirement owmsy 0.20 inches, the output motion can be trar .-
mitted thru a bellow or a diephragm thus permitting the rotary com-
ponents to be sealed from the outer environment. Using th: size 8
servo components, the entire sealed unit need not be la- .er than
one inch in diemeter and four inclies in length.

The output, .,uom the non-rotatii., aberrascope will come from
two en.oaz.s which will measure the tre .slation of the center of the
rotating error detector package. These encoders could conceivably
oe Interferometers as already mentioned where displacements of
between 5 and 10 millionths of an inch can L2 sensed. This can be
done by using the blue or violet lines of helium light, noting of
course, that interference produces dark bands wnerever the distance
between the reflecting surfaces is one-hzlf wave length or a multiple
thereof. The technlques of interferometry sre known arts and we feel
that this approach can be implemented in the non-rotating aberrascope
1~ a straight forward manner to produce the desiied outputs.

From the interferometer outputs, some digital computing type
logic networks will te necessary tc finelly determine the required

perameters which will) produce the occuliation time as required.
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B. Optical Syste

1. Structural Analysis

In previous reports the mechanical structural requirements of

the aberrascope and possible sources of aberrascope structural distur-
bance were considered.Eh The present discussion is an analysis of an
assumed structure for the rotating portion of the aberrascope. The
structural requirements for a rotating aberrascope are much rore
stringent than the requirements for e nen-rotating insiurument. Thus,
if the requirements of a rotating instrument can be met, no proble s
il exist with the design of a new non-rotating instrument.

Yhe mechanical structural analysis has two objectives: First, to
determine Teasibility of designing a structure of practical weight which
has sufficient rigidity to meet the accuracy requirement; and second, to
establish reasonable estimates of structural design parameters to serve as
sterting points for more detailed analysis during actual instrument design.

In previous discussions the sources of aberrascope structurel alz-
turbance were classified according to their crigin in the aberrascope, the
satellite, or the orbital environment and according o che manner in which
the disturbing forces would be generated. In connection with the structural
analysis these disturbing forces may be grcuped in a more general way into
the following classification:

1) Static forces
2)  Vibration

3} Thermal effects
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Static forces may be either actual sietic loads or forces which vary
slowly relative tc the lowest resonant faequency of the structure. Examples
of such slowly varying forces are acceleration forces due to unbalance
of the rotating aberrascope about its sxis of rotation, bearing eccentricity
and wobble, and nonorthogonality of beariang surface and aberrascope
geometric axis. Accelerstion forces from these sources will be pericdic
with the rotation of the aberrascope structure. Since the speed of ro-
tation will be very low compared to the lowest resonent frequency of the
structure, “he structursl defiection under these slowly varying loads will
be essentially the same as under static loads of an equal magnitude.

Dynanic loading of the structure may result from vibrations., Examples
of possible vibration sources are bearing and gear mechanical noise, drive
motor vibrations, and vibrations due to moving parts or rotating elements
in the satellite. If the frequency of the disturbing vibration is neer a
resonsnt frequency of the structure, a large dynamic force amplification
will occur. In a lightly demped structure, such ss the aberrascope,
amplification factors in the range of 25 to 50 may be obtained at resonance.

Deflections can occur because of thermal effects on the aberrascope
structure. The heat sources may be in the aberrascope, in the satellite
or in the orbit environment.

The aberrascove structure mey be considered to be divided into an
inner structure and an outer structure. The inmner structure is the ro-
tating part of “he aberrascope which supports the primary mirror, secondary
wirror, end the knife edge bar. The outer aberrascope structure pwovides
attachment to the sateliite and interconnection between crossed aberra-

scopes.,
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The structural analysis up to the present time has been concerned with
the inner or roteting aberrascope structure.

For enalysis, the rotating aberrascope structure is assumed to consist
of a central cylindrical section and two conical sections. ™™ main bearing
is located midway between the ends of tuhe cylindrical section. The primary
mirrors are supported at the ends of the cylindrical section. The conical
sections, which are fastened at their lsrge ends vo th~ ¢-?s of the cylindri-
cal section, support the secordary mirrors. This stcuctural arrangement is

shown schematically in Figure 3h.

lr
' Lr
L 2 :
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R, R ’"
: | M—‘L
(11
L
L
Figure 3k

Aberrascope Structural Arrangement
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In the structural anclysis it is assumed that both the cylinérieal
section and the conical sections will be made of invar.

a. Structural Deflections Under Static Forces

Maintenance of the aligoment of the secondary mirrors with
respect to the primary mirrors is the most critical of the structural re-
quirements. The aberrascope structure may be regarded as 2 beam supported at
the center. The action of static forces will cause tiiis structure to wndergo
deflectione with respect to its support. The magnitudes of the deflection and
slope at the small end of the conical structure relative to the deflection and
slope at the end of the cylindrical section determine the misalignment of the
secondary mirror with respect to the primary mirror due to static forces on
the aberrascope structure. Since the aberrascope structure is symmetrical
about its bearing, it is necessary to consider only one side of the structure
in carrying out the analysis or deflections and slopes

Pigure 3% shows the structural dimensions and forces acting on the

structure which are involved in the analysis of slopes and deflections.

LT total length of the rotating aberrascope structure.
L = 2lergth of the cylindrical section.

[4
/ = length of the conical section.
R, = outslde radius of cylindrical section and large end of conical

section.
Rj = inside radius of cylindrical section.
Rc = mesn radius of large end of conical sectic=.
Ra = outside radius of smell cnd of conical secticn.
Rm = mean radius of emall end of con%cal section.
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L L

o thickness of cylindéricsl section.

thickness of conical section.

t
t
le force due to weight of secondery mirror.

force due to weight of primary mirror.

o
6@; force due to weight of cone.

The thickness of the conical section, t, end the thickness of the
cylindrical section, tc , are the parameters which are varied in the analysis.
The analysis of deflections and slopes is based on the assumption that

the aberrascope is in a force field of one g. This assumption is made merely
for convenience in ceriying out the analysis. Since the deflections and
slopes, in the range considered, are linear functions of the loads, the resulis
obtained for a one g loading can be used to determine the deflections and
slcpes for the actual force levels which will be encountered by the aberrascope
once thece force levels are known.

In evaluating the results of the analysis ir terms of the structural
accuracy requirements, it will be assumed thet the ststic loads on the
aberrascope structure will be those corresponding to a forece field of lO"2 &
Obtaining deflections and slopes for a 10-2 g field from the analytical
results for a 1 g field involves simply multiplying the analytical resulis by
10-2. The assumption ¢f a 10-2 g level for the static disturbing forces on

the aberrascope duxing actuel operation is believed to be yery conservative.
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Figure 3> shows & czatilever beam equivalent of one side of the aberra-

scope structure of Figure - X,
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Tarsilever Desw Equivalent

Consider first only the cylindrical section, Figure 3% of length L/e. The
deflection and slope o this gection ar distance 1/ “rom the fixed end, Figure
36, is produced by the combination of a force, a moment, and tne cylinder weight.
The force, F, is a summation of the weight of two mirrors (le and Fme) and

the weight of the conical section. The moment effect in tura is & sum of

the moments due to the mirror, le , and the weight of the cone. Evaluation

of each of these effects yields the following equations.

2
Slope: ¢ = FL (1)
£ 8E1

Deflection: yp = F_°
(2)

1i:




Slope: Gm = ML
ZE1 (3)

3
Deflection: Y = FL (&)

n 2UET

2
Slope: (%) =

v 2HEI (5)
Deflection y. = WL_3__ (6)

BLET

Applying the principle of superposition one can now say that the slope and

deflection for the cylindrical section are

O cylinder = O *+ O +0_ (7)
and
y cylinder = Yp + Yy n + yw (8)

Consider now the conical section of length 4":;, Figure3h. The conical
shell may be regarded as a cantilever besn fixed at lne intersection of the
cylinder and cone. The slope and deflection for the loaded conical shell
cantilever beam, Figure 42 are calculated by the double integratioa method
vhich considers the position of the beams neutral elastic curve. Effects
due to the coacentrated force and the beam weight are caleulated separately

and then combined using the principle of superposition.
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From Figure .36 the following relationships hold:

Figure 38
Goni-sl Shell

R= [R + 2tmg]
Ba= Ry - g
= R -t
R, = R, £
tm@B = R, ~R
/

The differential equation of the elastic curve is

Ly . u
dx2 EI
Where: M = Bending moment
E = Modulus of elasticity
I = Moment of inertia

235

(9)

(10)

(11)

(12)

(23)
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The moment of inertia for a thin walled conical section is derived from

the configuratiun of Figure 37.

Figure 37
Moment of Inertia Conslderation

Using the classical definition for moment of inertia one has the equation

I= S a? = [y2 aa (1h) .
Referring to Figure 37,

dA = dst (15)

ds = RAK (16)

¥ = (Rstel )2 - (7)

Substituting equations (15), (16), and (17) in equation (1)) yields:

1

T I

U

fd
{2 (R sin®)® pdolt (28)
[o]
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Solving equation (18) gives:

Fi

a
2

L, = tR [%‘-o(.-ifsin20(] - ¢’ (FT)
0

Therefore, the moment of inertia I for a conical section is:

3 (19)

I’C= 'rrtR
Referring to Figure 36 end considering the slope and deflection for the

concentrated load yields the equation y " = M and therefore

[l

Vo TR = IN (20)
vhere
~ F Z w1 = bending moment
I=a [:Rn + 2 taqﬁ?:l317t
or

' - ) Z262 o1
Y Tt E ,{.(Rn + 2 tan;3)3 (21)

Integration of equation (21) gives the following:

¥ = oF [ 1 i + n C

Bz 208 o(R, + 2 taug )?
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Soiving equation (22) for ¢, where the conditions apply that y = O and

(Rn +Z2tanf ) =R, when Z = /c , one contains

- F 1 By :l
o = - o or + C (23)
mtE Ke tan'")/g‘ 2 R, tefl B
or
1 Rn

€= Re ten2g 2 Re? tan%

Substituting the value of C in equaticn (22) yields

v = - F o+ R R

Tt E[tan2/3 { Rn + z tangd 2 (Ry + 2 tan,é’)z‘} Re t,aneﬂ 2 Re2 tan73]
(2k)

Solving equation (24) for the special case, where y' = ch and (Ry + 2 tanﬁ)
= R, when Z = 0, yields

2
0 = - R/c Ry T
F TtE(R, -Ry) |2R2 R, R 2 Re2_|

or after simplification, the slope, at end of beam due t5 a concentrated

load at point Z = 0 is

- F (/4:2

Oy 27TEt Ra ' R, )
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Toiegrating equation (24) for heam deflection ylelds

Y
- F 1 (Xn (Bn +2 ten3)

Rp 1 )
= E7rt [2 tan%é - ten 3 (Ry + 2 tan,@)} tan%@ tan &

y

+ z +Cy ;Z (26)
R, tangﬂ 2 Rce ten® 3

Solving equation (26) for Cy, where the corditious £i.:’y thai y = O and

)
(Ry + 2 tanﬁ ) = R, wben Z = A o, one obtains

0= - F [- Rn ..//nRC+ /c - Rn/c +C

Ere 2 tan3ﬂ (Re) tan3ﬁ Re tanaﬂ 2 R, 2 tan ﬂ
{27)
or

o = Rn / RC - /C + Rﬂ //c

1”2 Re tan3/3 tan-'@ Re tan% 2 P.(.:2 tanal@
Substituting the value of C; in Equation (26) ylelds
v -F - Rn - /n (RD t 2 tanﬂ) + %
Eqre [ 2 tan3ﬂ (Rg + 2 tanﬂ) tan% Re tanelg

Ry Z R, +//nnc_ ,/c + Rn/:: ]

- +
2 Rc2 tan% 2 R, tan?;& tan%@ R, tanaﬂ 2 Rc2 tan%

Solving the deflection equation (28) for the cpecisl case, where y* = Yep

and (Rp + 2 tan /@) when when Z = 0, yields

[
p
\O




_ -F rl R, - X?n B o, Py + ,!g B,
Yep = "ERT L 2 tan34 (Ry) tan3/5 2 Re tan%ﬁ tan3ﬁ

/(c Rp -/Z

R, tancg T3 RF tend |

or after simplificetion, the deflection at end of beam, due tv a con~

centrated load at point 2 = O, is

Ye. " 27rt % (R - R

Now considering the slogc and deflection due to the beam weight, Figure 3k,

one again has the eguation

2

~

S Y M
a xR EI

where E and I are as irv equation (20) and M is a function of weight and
distance.

The moment equation is
M:/[ZAdz (30)

Taking any distance Z one finds that the cross~-sectional area, A, is given
by the expression

A=TT(R + 5)2 - (R - %)2 (1)

or

A=2TRt
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Eveluating R, in equation (31), as & Function of 2 gives

=2Tr(Rn+ztan/9) t (32)

Substituting equation (32) in equation (30) and integrating gives the

moment as

(R tang)3 2 _l
= Z tan@) Rn (Rn + 7 tan@)

2’n’t/’ - + C (33)
3 twa;? 2 tan2/9 Ol
Solving equation (33) for CO where M = O when Z = O gives
g3 &3
n n
Gy = - (34)

Svbstituting for C0 in equation (33) gives the moment equation as

[z;n -Z tan[9)3 R, (R, + 2 tan/é_?)2 Rn3 R 3 __1

n
— : T
L 3 tan“@ 2 tan"l 2 tan B 3 tand/_’i_l

Substituting equations (19) and (35) in equation (13) yields the equation

211’tf (R +Ztan8) - 38 (R + 2 tnB)° + R 3
. rE S

6 tan/é?1*’ t TI; + 2 taﬁ2§]3

Integrating expression (36) yields the slope equation

Z-3R (-————- RS d 2 c—
3 ETtan ;? l::;s\q J R, + 2 ta@Z?y 15 (R + 2 taqﬁ?)g i ;iJ
(37)

(R :
Y'=_£_2—' ~?Z-3R{£n n;Ztan'B)}e«R“?’{- - Yy
3E ten B " g P Y 2tenB (R, + 2 tanf)

4
[}
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Solving the slope equation (37) for Co, vhere the conditions epply that

y'=0and (R, + 2 tanﬂ ) = R whea x = /c, one obtains

log R
Gp =S n Re v (38)
tan /6 2 Re“ zan ,6
Replacing Cp with the solved value gives the equation
. 2 T 3 Ry log (B, + 2 ten/Z ) 2.3
Ve e [ 22 - - _ >
3E tansd | tan 4 2 tan,3 (Ry + 2 tan g )
3By log Re Ry3 ’/c .2 '[ (39)
- - N c
tan /_? 2 Rce tan/g |
Solving equation (39) for the special case where y = 6, aud (R, + Z tan H ) =
when Z = O ylelde the slope ecuation at the end of the beam due to its own
weight.
/0/ 3
(ko)

3
[3Rnlog(_£)+ 5 Ryt Bz -QRCJ

% * 3E (R - Ra)3 2 RZ

Integrating equation (39) for bveam deflection ylelds

2

3 Ry? 1|
yu;zﬁt;m—%_@- Z --{;2-'73- {103Rn+ztanﬁ )-tanﬂE‘a?E— kan

1

+thnﬂ)" ...og(Rn+Zv8!lﬁ)J 2tan/@[

2

3Ry Z log R Ry~

.,.-Rn g e + ,,n -2/Z+C3
tanﬂ 2 Re® tan 4
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Solving the deflection equation (4%1) for C3, where the conditions apply

that y = 0 and (R, + 2 tan/ﬁ) = R, when 2 = ¢, one obtains

-" C3=- /ce + %ﬁ% gc log B - teng [ﬁéjg {Rc = By log Rc}]

) i Rn3 _3Rp /{'c log Re .. Rn?’ j.c + o ,.,’{ (k2)
2 R, tan%@ tan &5 2 R." tan 3 -

Substituting this value of C5 in equation (41) yields the general deflection

_/f_._.._’:[z? - 3B {Zlog(Rn*'Ztanﬁ)-taxﬁ 1

y = ) 2
3 E tangQ tan 4 tan"g

r

A 3
2(3n+ztanﬂ)~ﬁnloz(%+zﬁ)}]] +2tan2/} (:-;-Ztanb’)
e -

3 ' :
= 3Ry 2108 R Z / 2

/. log R
: + ; c
ten ¥ 2 Rc2 tang3 ¢

L

- r 1 Ry 3R, 4. log R
R e

"2 g2 ten /3

Rna,/c L4+ 2 _(C2JJ (43)

Solving the gansral deflection equation (it3) for the special case, where
| ¥ = ¥, end (R, + 2 tan 16) = R, vhen Z = 0, ylelds the derlection equation

for the daflacticn, at end of beam, due to the heam weight.
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| S ) | e ] [ Y—

2 -3
/o/gch Ry i + 3 log (Rc 3R Ry + Rn2 . (Rc = Rn)2 (45)
= _—-——_K — p———y - e 3 -+
Yoy ¥ 3E (R, - By)*| 2 By Bg B 2R° Ry2 !

The deflection and slope at the small end of the conical secticn due
to a concentrated force, F,,, mey be obtained from equations (25) snd (22)
of *khe above development.

9 F —_— ")2
orce = - - 2
cone 2T Et Ry Re (25)

-r 3

y Force _ W l'RnR; Be,» log (%) + (.R_cﬁ;_@)(% - 2)]

cone 21 L E (R,

(29)
The deflection and slope at the small end of the conical section due to the
weight of the conical section is given by equations (40) and (Lk).
3 3
8 Cone /0’/03 [ Re Ry 3 -2R (40)
e ——t—"—— 3R log = +—2—=+3 Ry ¢
Welght = 3 B (R, - Ry)3 R, 2gr2 °
JARK: R B2 (R, - B 2
¥ Cone =L_n_r 1+ 3108 (2) - 3R_c-§2+—2-§+_c__‘_‘3’_] (4k)
Weight = 3 (Rg - Ry)” E Ry "R Re 2Re R.2

Equations (25), (29), (40), and (44) have been restated on this page

in order to summarize the results of the previous analysis.
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The principle of superposition is now applied to give the slope and deflection,

for the conicsl section, as

@ Cone = ©p Cone + 6, Cone (45)
y Cone = yp Cone + yy Cone (u6)
motal deflection of the free end on the gherrascope sec;ion,ég, is now

obtained by translating the cylinéer deflection to the free end and adding

cylinder and cone components directly.

L
z L.
6 ‘
y } b
_— —~§7F-.\E§>‘ 7 t ) I
\\ ~ néc
N AR
Blastic —j //////’::::}ﬁi%;?é\-*s—T—__l__L }
i Curve |
l Tanrent to elastic \\\j<::—~—-——-r._l~”
curve at intersection | 1

of cone and cylinder |

Figure 38

Beam Problem Parameters
Translated cylinder deflection, y, (Figure 38) is given by the equation

/ (47)
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The total defleciion of the aberrascope secticn, é?, can now be stated as

where: Ya

Je

]

i)

Ye (18)

cone deflection

cylinder deflection

and the slope of the configuration can be stated as

where: 91

9

Qtzzol + 6o

= slope due to cylinder

= 8lope due to cone

Utilization of the above equations will provide information as to the most

desireble cylinder and cone wall thickness conslstent with allowabtle

secondary mirror deviation,

b. Evalustion of Deflections and Slopes

Calculations of deflections and slopes for the averrascope

structure were made using the following numerical values.

L = 5 inches
JZ = 13 inches
Ry = It inches
Ry = (4 - tc) inches
Ra = 2.5 inches

R, = (2.5 - t) inches

tc
t
Fm
Fro

=

L=

£ = 20 x 105 #/4n.2
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.1, .2, .3, .4, .5 inches

.05, .10, .15, .20, .25 inches
.03 #

1.51 #

.29k #/in.3




The data obtained, sssuming a one g loading, is tabulated in Table VIII.
Figure 39 shows the total deflection at the small end of the aberrascope
for a :LO-2 g loading. Since the deflection at the end of the cylindrical
section is negligible compared to the total deflection, the 2urves of
Figure 39 also show the deflection of the secondary mirror relative to the
primery mirror for various values of wall thickness for tne cylindrical
and conical sections under the assumed loading. Figure "~ s.ows the total
slope at tne small end of the eberrascope structure for a J.O'2 g loading.
Tne slope at the secondary mirror relative to tne position of the primary
mirror is snown in Figure k1.

c. Weight Calculstions

In addition to meeting the accuracy requirements of the
instrumcnt, the aberrascope structure must be kept within reasonable weight
limits. Calculated weights of the aberrascope structure for various com-
binations of cone and cylinder wall thickness are tebulated in Table VIII
and are plotted in Figure 4#1. The calculated values inciude the weight
of one cylindrical section and two conical sections. Weights of the bearings
or components mounted on tb siructure are unot included.

d. Conclusicns from Static load Analysis and Weigh. Calculations

The curves of Figures 39, 40, and 41 show that both defiec-
tion and slope increase with increasing cone wall thickness. Deflection
and slope decrease with increasing wall thickness of the cylindrical
section. Therefore, the best structural arrangement for minin..zing mis-
elignment between the primary and secondary mirrors is one having thin

walled conical section and a thick walled cylindricel section. However,
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UNDER 10-2 g LOADING
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DEFLECTION AT END POSITION OF THE ARERRASCOPE
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Slope - seconds x 2073
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Figure 40

SLOPE AT END POSITION OF THE AEERRASCOPE
UNDER 10-2 g LOADING

130

0.25




SUOPE - SECONDS x 1073
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Figure 41

SLOFE AT SECOHDARY MIRROR RETATIVE
PRIMARY MIRROR
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Figure 42

STRUCTURE WEIGHT OF ABERRASCOPE
CONFIGURATION
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the overall weignt of the structure :wucreases with increasing wall thickness
of the cylindricel section, so that a compromise must be made between
structural and weight requirements. Also, the cylindrical section must
ve sufficiently rigid to provide suppert for the aberrascope main beering.
From the ahove consideration well thicknesses of .05 inches for the
cciical section and .2 inches for the cylindrical sect”.u appear to be
reasonable cholces. The weight of such a structure would be approximately
15 pounds as shown in PFigure 42. Comparison of the deflection and slope

-2

megnitude for a loading of 107° g on this structure with the accuracy

requirementis may be made from & consideration of the sketch below.

Mirror

g 1

o T

- — ~————:~.__~—.:“'TF L

l .
o ||
Knifc Ech. Prism C’Seconcla.rﬁ Mivror

x coordinate lies elcng cptical axis.
y is normel to X.

0 measures rotation with respect to & plane perrsndicular to x.

The quantities S %, {y, and g © indicate small displacements relative

to %, y, © coordinate system.
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Displacements (g'y and é;Q correspond to deflection and slope
respectively. Tne allowable errors in aligament Guriag one rotation of

the aberrascope due to disturbing forces ere:
Sy < 2 %105 inches

,
-

N

.01 seconds of arc

The calaulated values of deflection acd slope fu: wic structure and
loading assumed above are shown in Figures 39 and 41. Using a cone wall
thickness of 0.05 inches ani a cyliinder wall thickness of 0.20 inches,

the following values sre obtained:

Sy
o

The deflection is less than the allowable error by a factor of 200

8.9 x 10-8 inches

0016 seconds of arc

and the slope is less than the allowable angular misalignment by a factor

of 6.

e. Structural Response to Dynamic Loads

While the above analysis of slope and deflections under
static loading showed that conical structural sections with very thin walls
would meet the accuracy requirements with iarger factors of safety, it is
alsc necessary to investigate *he chavior of the structure under vibre-
tional disturbances. In order to avoid instrument errors due to vibration
it is desirable to have the lowest resonant. frequency of tha structure

significantly higher than the frequeacy of any disturbing vibration.
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Since the cylindrical section of the structure will te much more
rigid than the conical sections, the vibretion analysis is concentrated
on the conical sections. The ways iu which the conical sections may
vivrate may be ciassified as:

1. Cuntilever beam vibrations.
2. Thin shell vibrations.
3. Porsionsl vibrations.
Each of these forms of vibration will be consldered in turn below.

(1) cantilever Beam Vibration

t
N | .
Q""*\ — % A = :E’_ I:de-(d-at):{
§ & Izui—_r |
D, |
- 3 __.f_. 2 h
\Q i | | D 1=§E[d’*-(a-2t)_]
N _,_J.,—;;::ng““l‘ |
N T EE T
N i i A = 0{ross sectional area of sheil
N x
[ I = Moment of in inertia of shell

The first mode of vibration as a cantilever beam is calculated by
the Rayleigh method. Elementary beam theory is used in the calculations.
This introduces some error in the results due to neglecting transverse
shear and rotory imertiia. However, the frequencies obtained should be

sufficieatly accurate for the purpose under consideration.
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The deflection curve under vibration is assumed to be the same shape
as the deflection curve for a uniform cross-section cantilever beam under
a uniform static load. The actual shape of the vibration deflection curve
will be somewhat different than the assumed curve. This, however, will

introduce only a small error into the calculated frequency.

Taking
X=a (L% -/ +%; (3
where ¥ = mode shape
a = a constant
the boundary conditions of the problem are:
dXy . 4@ X
(33-(_) = 0 (EI;;E- =0
X = O X =,/
) (k)
5 d- X
(X) = O _ﬁ"_(EI —5 =0
dax dx
X = 0 x =/I/
The rescnant frequency is obtained from the equation:
[11 1d2 X) ax
2_Eg 3 " lmE (5)
W=, A, 2
’j A X° dx
(]

<
1

resonant frequency

it

Modulus of Elasticity

= acceleration of gravity

(o]
1

/0 = density per unit volume
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H

length of shell

X = distance from fix end of shell
- D
a = [Di - _2%7__;5_ %] (6)
d = outside diemeter of shell at any cross section
Dy = outside diameter of large end of shoii
Dy = cutside diameter of small end of shell
Ietting

= C (7

a = [Dl - c.v.:!' (8)
Substituting equation (8) in equation (2) and expinding the terms gives

I=_1o£.t [A1x+A2x2+A3x3-f-A,+] (9)

where

t = shell thickness

a, = (6tDy ¢ - 30,% - 12c)

b = (3D - 3tc?)

A3 = 3

p, = (D3 - 3t;” + kP b, - 2t3)
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Substituting equation (8) in equation {1):

_ - : e L _ -
A=Te (D - 1) - o _Wt[(Dl 6 - (= )x_! (10)
d & x 32t /5T / /2
0/1(5-2— ix = o 20A1'(-r8§-_,f i
+ 3 Ay 3 4+ 168 ay, (11)
/ ¢
p 2 a2t /9
LR ax = A - 728 ¢ 12
O/! 315 ' D1+584 T J (12)

Setting equation (11) egual to equetion (12) and solving for U2 gives:

<28A 8A2 3A3 168."1.

w? = 6.75E75-3‘ {3 (2. {
I_ 1hhnl+58h02-(°8

(13)

—\_.‘I

Equation (13) may be solved for u)
(4) Numerical Calculations
D, = 8

D = 5

4=




£ = .7, .1, .2

£ o= W

n e,n.

(v) Results of Calculations

t = .05 £, = 1665 cps
t = .1 £q = 1488 ps
t = .2 £ = 1616 cps

The resonant fre¢quencies for the conical shells Zor cantilever
beam vibrations are vexy high. Variation of the thickness over the
ranje considered makes little differeunce in the resonant frequency
(about 3%). This is probably less then the error in frequency due to
the various simplifying assumptions mede in the analysis.

(2) Thin Shell Vibraticns

The thin shell virration of & conc may be composed
of circumferential modes, axial modes, or a coumbination of these modes.
If a section perpendicular to the axis of the speil is considerzd, *hc
vibration may consist of the periodic movement of & number of stationary
waves distributed around ihe circumference. Tiais form of vibration is
illustrated in Figure 43. The number of circumferentisl waves is indi-

cated by "s".
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Figure k3. Circumferential Waves

Flgure 45. Axial Waves

,——‘—‘~’\‘/
- AY
\
\ —
—
’/ "’\
!
—
/’_'__n"/

-7
//,ﬁ —-—”%mf.,w{(h( Node

Figure 46. location of Nodes
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Figure 45 shows the first three axisl vibration modes of a conical
shell with one free and one built in end. Figure 46 shows the location
of nodes for one case of combined circumferential and axial vibratioa
(n=3,m=1h).

The cslculation of resonant frequencies of thin walled conical shells
is a complex and time consuming process. Since the Inidrmsticn of
principal jnterest is the lowest resonant frequency oi the shell, the
analysis is limited t: the case of circumferential vibration only, (m = 0).
The frequencies of the axial modes cr the combined axial and circumferential
mode will all be higher than the lowest frequency of purely circumferentiul
vibration.

A Rayleigh~Ritz procedure is used to determine resonant frequencies
of circumferential modes of vibration of a conical shell which is built
in at its large ends and is free at its small end.

The Rayleigt-Ritz procedure equates maxinum potential energy to maximum
kinetic energy. A displacement is, first, assum=3d for the mode shape of the
vibration. The assumed mode shape must satisfy the displacement boundary
conditions and contain arbitrary constants. The maximum potential and
kinetic energies of the system are obtained from the assumed mode shapes.
The resonant frequencies are calculated by applying the Rayleigh-Ritz
procedure to the resulting statement of Hamilton's principle.

The snalytical development follows that given in the paper "Vibrations
of Conical Shells" by H. Saunders and E. J. w1sniewski,2l except that
modifications are introduced due to the differeunt boundary conditions of

the present problem.
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The middle surface strains of the shell are expressed in terms of
middle surface displacements up, up, and - a5 shown in Figure 47. Each

displacement is assumed to be a sinusoidal function of time.

w (2, 9, t) w (2, 0) sin wt

uy (Z, 8, t)

ul(Z, ) sinwt

u (2, €, t) = up(2, 8) siawt

Figure 47. Middle Surface Displaccmonte

Z = cylindrical coordinate measured along axis of cone from apex
u; = meridicuai displacvement at pesition 2, 0, and time t
up = Tangential displacement at position Z, O, and time t
) = inward displacement normal to the tangent plene to the shell
surface at position Z, 0, and time t
]0 = Z coordinate to emaller edge of conical shell
]H = 7 coordinate to larger edge of conical shell
o = one-half tie included angle of the cone
h = shell thickness
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Linesrized expressions given by Love22 are used for the middle surface

strains, £ 1 &

€30 aud the chenges of curvature, Ky, Ky, and Kise

du
£ = L cos
1 37 &
£ Jup cosel ! W coa® ok
- 2 -3——_:—— 4+ — CO0S X - ¥
9 2 singy 7 7 sinoX
2 é u
= 9 U 1 cosX 1
E1p=2cos & —g-z'(’z—) T2 sy 30
.2
Jd w 2
Ky = cos
1 S 2 X
Ko = 3 U cosdpt cos® & 2w + 008204 dwr
99 72 51,y 72 51020  d o2 2 92
2
1 = 5_‘2 cosSal _cos3¢x 4+ cos_ & Aau.r - cos® dor
MET 32 2w 72 gy 2 sing 289 22 ginx 9
El = meridional strain of the middle surface of the shell
£ 5 = circunferential strain of the middle svrface
E 12 = suear strain of middle surface
K, = change of curvature of middle surface in meridional direction
due to deformation of the middle surface
Ky = change of curvature of middle surface in circumferential
direction
K12 = twist of middle surface
The maximum kinetlc aad potential energies are:
1 . 2 0 « 2
T=3 A/ﬁh(ul +u22+ur")dA (3)

143




2 2
1 Eh - h® | T
V=g —=2or = (K +K) -2 (1 -y) (K - Ky52)
e }{125._1 Ko V)UK Ko = K™
A
(k)
. - . .1 Y
+(Cl+&2) "2("'7) (tltg'):elz))" da
Substituting Equations (1) into Equations (3) and (&} .ogetner with
proper limits gives:
1 2 am A1, 2 2 o, Z sin®
T=5 APh W (W +ul+u2)md2d9 (5)
o )

Eh .21 {& 2 | 2 ;
ved e h—-'(x~+ ) -2 (1 -y)K - Kol !
=2 @ -v9) A - RS VHK K - Ko

J J
o Ao (
(6)

, 2 . 1 ~ \\‘rr 1“

+(E+€) -2 -V L, -F gy 222X azao
J cos2 X
T = maeximum kinetic energy of the vibroting shell

V = maximum potential evergy of the vibrating shell
E = Modulus cf elasticity

Poisson's ratio

<
1

A = cdensity of shell maverial
) = Sfrequency
The displacement boundary conditions for a conical shell built in on

the edge at the large end and free at smell end sre:
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0f=0atz=/(,

N (1)
W_0atz= J
3z !
The mode shape assumed for w is:
= (4y - 202 LA+BZ:‘ sin S © (8)
S = number of complete waves around circumference
A, B = independent constants
The other two displacements uy and uy are selected so that 81 and £2
are zero.
Then: u = 0
ue:&?&(/ -2)2 E+BZ1 cos S6 (9)
5 1 |
Z cos - ,(
] ((.'.12= 0( LA(l- l)+2n/l(7-l) cos S©
. K 2, i / Z o
1=coso(\-2A+B 1(6 - L)] sin s¢
A
: 2 / / 2, ,(, M,
Kg=coso( [ﬂ(l- )+a(1-—--) jin.\Zl_e

+-é)+(-37?--h+_{zjl)]} sin SO

,Bcosao(sinao( '{;.2 ; Z\
Kyp = 5 sin o [A(—Z-‘g—-l)+2Bl/l(l-7;)Jcos se

Substituting vy, wp, end ur from equstions (9) and (8) into equation (5)

and carrying out the integration gives the muximum kinelic cnergy.
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oo T pn w? /¢ (tand ye cos® (_,g ) 1 ¢y /06 (10)
2 1 coseX {A ‘ 6 (x - 716 )
b APy 3, A L 12
57 P 3 -g3) g 0T
1 - '/07 _2_ A0 6 xés
+ 2 AB //l 7 (l "71_,?) - 3(1 116) + 'E'(l' }?_;)
ik 43, , 8
- (1 - Ao} 1 -__.Q_- ¢ 2 2.)1 _ lo
; ( 71_13» ) + 3 (-L 4',1 )J + B 1 Lg (l [18)
K 6 L .
L Ig o L / > 1 ve -~
R I e R N L SR Uy
{ 7 6 5 E
iy £ % FARY

The corresponding expression for the potential energy is obtalued by
substituting Ky, K, Kjp, snd £ 1o from equaticns (9) in equation (6)
and integrating.

For convenience the potential energy is divided into two parts

+ v (11)

=
o
1}

the portion of the potential emergy due to K3, Kp, and Kjo.

-
1

the portion of the potential energy due to Ele’

__._)

E h3 BTt oo Sx 42 <<A <2 (a -

o= 3 )

(12)




/1 ' 2
+Chg/o-h(l-7? +4(1-74-§ '7?J
o

2 , J
mﬁ%u-%)-3uujb+u24é+(b 3

//12 /l /o /O
/2 :
+2(3-"722—)'8(1 /°)+l+log /14-4—?,(//‘_,-7er~—{92-)
1 /1 /(70 (. /(l
2
-h/1-7-)+2log.i]:+2(l h(l-/)}
/1 4

5 2 ;
+2 (1 -'y)sinzd %[%‘- (l-—7°-2-)-2].og /l

1 11 ll

e a- /3 A _[_
7

74+5 .-mu-~7)+%u-,
/l ] /03 /2

i
}-2u-_ﬂ+uu-_?)-mu-
/o Ao -/1 /l

/.

+20 (1L - -=2) -k 1og (

2 (a8 0. Ao
7 /.0) + 21/{13!‘3 (@ - —11-3-)

- 16 log

b7




1

3 2
—T-lé(*" 03)"8\4.‘-“_0?‘)
/) A
‘3 2 /
53*-(1-/°3)+3(1-i/.9§)-u(1--__’79
1 ,/l A1
) ‘2
Fo(L- /°h) -2 - /°3)+611-lC )
KA A R R A
/) A 3
9 (1 A
/-]”;(1 Loy ~ea-Lo
0 41 1
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£

2
-2 (1- )+11(1-—-!32-)“‘*(1-'/{’)}
13 jl 1

S

. 2 3
s2(1-y) sy B [2(1--;{%)-%(1-«-133-)}

D)

3 b A 2
E h T tan o cosx //1 2 rl o - 0 )
vV = Alz 1-—=24)-@Q-——%) (13)
e b (14-y) 82 { L* 1 A
Fl 15 rl
/l] 1 »{o ]0
+ log +l+AB,/['r' (L - ) - % (- )
1 I
ljo-‘ ’ /15 d /1
3 AR 2 2 Ly
1 / 1, 20,7 P L
=§(1- /23) + '?-(l" :la) 'L!'Nn 4 1!-3 (1 7‘1'.3)
h
- 5 /o)
Sk R b
1

Since the assumed functions ul, Uy, and (4~ are linear sums in the
independent constants A and B, the expressions for the maximum kinetic
and potentiul energies becomwe quadratic forms in A and B. The Rayleigh~

Ritz procedure applied to Hamilton's principle gives
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——gz (T-v) =0
(%)
S_(r-v) =0
JB

Tntroducing the expressions for T and V from equations (20), (12), end
(13) into equations (1k) and carrying out the ailrfei- z.atica gives:
2 7.6
- 2 2 ta o
_i(_T_Vl__lT_fhw /1 (_n_o_(_)(l+c_o§§_(_)_(__){2A%(l_
S

—_— )
cosqy, [N
1

1
5 L 3

+2q /°£)-(1 “'W/O )+ 3 (- /°3)J}
(o] i 41

2
3 ;2 /
Moé_ T]‘cos3o( /l << 2 A <2 (l-—fg)
1

Tek (1)
2 ;
+ﬂ2-;—(l-—-'/—o§)+6log /l-h(l- "/°)+l+(1-_‘...];)

/1 7; /1 /o
/2 A /o

1 1 /
-3 - )]+‘58~(1'-—“)'3<‘~"‘““)*31’°‘5—-—
@ /02 § /12 /1 Lo
h A / /
+ {1 ~ )+2(l-—'2§)‘8(l"—°)+hlog—}-
/o] /1 1l /o
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L2 / /s
+2v{8(1— ) « b (1~ —==2) + 2 10g ~=2 +(1-__§°)
j‘[ /12 /1 /l] /1‘
/. 2 211 g 7/
-k (1 - 0)2 +2 (1 vy )sing —é—Lé‘(l‘—g?)ahg"?'l'
1 s 1 ¢
2 /3 2
oAy sl Gad e L
o /l 1
42 2 .
210 Ay /o / /1
+3 FQ ) b (- —5)+12 (1 -_22) - 8 log
‘-3 /13 /./l {1 °

-2{1 - 0. Aoy 161 --22)+3% (-
] AR ea-Ty 7

73 2

A1 1

/ A :
-16103_7_1-2(1-_7_/1) +h (1~ L2 ) -1k (1 - L0
Ao Ao,-]) _,"3_3 /'14

20 (1 - ) - b1 -2 8-doy-100-2L5)
AR AR CE yx 77
/ / 1, A
+16 (1 - 52 -blog2L | +6(1--29)-1 (1122 )

e / 3
. . 2. 4% [y /

/03
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e Ao A
( jle 1 )+L.log J>)>

_Eh T ten cos3 1/_:;_“‘ 242 (1 /ou) 1 joe
K (1Lry) 2 { LE 277 ~('/5)
AR 1

/y M1 AR Lo
+log-7;]+l;5/l{~.§(l- )‘E(l"—i;ﬁ')

Lyl .o L
77)] (25)

I(T - V) tan O 2
15 r /ohw216 Zogq)(l+£‘3§-2,-9‘—){2ﬁx/;
A 6 5 b
K - -50- T8 rE 0T L )“(1"'11:)
1 4 /1
3 8 T
+% (1- /" )J+aa/l {é(;--—;;-g)-l‘(l' /

6 J 5 L
+(1--7:—6.)“-l§(1--7j//5-’§) +11;(1-7{9,;)J}
{1 1

E n3
~ =— tan m cos3ol /2 <<

24 (1 -v€)
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; 2 -~ /3 2
1°2)+,32‘_-§- (1 - ?3>-u<1-—j7/‘%;)
1 1

~-8(1 -

/ A Weny
+12 (1 - /(1) )-8103_7.. -2(1-

4 C

ofg -
7R,

2 f
- 16 (1 - ’/°2)+36(1- /°)-l6los "“-")-2(1--'—(1)7

VA {o J

(]

1

3 2
+h4 (1= Lo ) -Lu(l--/° ) +20 (2 - /°)-l+los /1

73 A Z 7o

3 2
-1-27{ﬂ[%(1-_7__3)-10(1 °)+16(1- "{°)

/1 41

/ I~ A /
~blog 2t +6(1--20 ) - (3 --28.)+10 (122
Jo 13 A /1
3 2
2 Ba[h //o //o
+2(1~-v)sing = (== )-2(- )
T3 7.3 A
/o 4’1 2 /oh
-4 (1 - b log AL 1 -
(1 - =2+ 2og /°J>+28/1 <9 (z —7:;)
u
1o Ay

-16(1--71-5) +8 (1~ 2o e )+ 3 [ - /1
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3 2
4 o A / /-
-z ( ) #30Q =) -4 (1 -_42) 410541
3 3 & —
/ /1 {1 IOJ
- L /3 2
+28]3 (-9 1o )+5(1""*2{°)
l- } /13 11
/ /i A &
«6 (- °) +20g 21042 - 40 y.8(1- /°
/1 /oJ B ,:E) ( j13)
( '(}02 [¢] / - h
1 (1 - )-8(1--22) +1g42 42 3022
77 7 g Vv 1e-—
/1 {1 {o 2'6[.2( /1
3 2 L
16 /o // / T /
-3 (-2 w1 -L) ~h-do e Lo
3 1
/(ll //1 7—1-_1 2 /1
'03 2 /
-12(1-7—)+11(1- o ) -k (1-.22)
13 ]_2 /l
+2(l-'V)sin28( _ﬁ[a(l-—;)-é(l-—/—"i)
5° VAR /3

) -

Eh [T tan X cos 0(/
b (1+7y) s

ish

(M/L

/

l




(16)

The two linesr homogeneous algebraic equations (15) and (16) mey be

soived simultaneously for the square of the resonent frequency, (v 2,

A, - o166

= 34.666

-k

A

o = ten™! (.115)
/O = 7.6l x 10
E

= 20 x 10°

-v = 029

Substituting the above numerical values into equations (15) and (16) gives:

Sa-v) [A] [h.93633x102 (hw2) (M)

ah " 013
<2
- (1) < 8.930kk x 100 - 9.97709 x 200 (;2?.(5)_1:3;2_)
2 o
2 986 - 87 2
+ 3.62061 x 100 (=9-8—g-,-','5—§—) +2.06560 x 100 ( 013 )
T 2
s
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; 2 101 (B 7 5 x 103 (ng2) (2986 =82
2.87160 x 10 (.S.é._)] +[B-I [11-57610x10 (hw®) ( o3 )

- (83) < 1.53066 x 101° - 3.49983 x 108 (_988_1'3'_53,

2 »
+ 8.60880 x 107 (;9%51_-3-2_ ) + B840 x 200 ! oI ) 2)

- 5.98823 x 102 (-Sl?.é.)] = 0 (1)

Sn s ot e

L2
- (n3) < 1.53067 x 10%° - 3.49983 x 10° (;Qi'—gﬁi)

.986 - 5%
- 8.60880 x 107 (:2_0_13_._ )+ 4.184%0 x 107 ( .012 ) 2>
S

12, h 5 2, ,.986 - 82
5.98823 x 10™ ( Sa)] + [BJ [2.96673 x 107 (h W") (-——.31—3--—)

] 2
(63 < 3.80783 x 10T - 1.14657 x 10°° (:9%1-;3—3—- )

2 2
+1.9993 x 209 (=286 -8~ s ) +8.6h81h-§£(:-9-§'g—l§—5-)>

L ,
1.28199 % 10 \_2._.) 0 {18)

156




Substituting values of S and h into equations (17) end (18) und setting
the determinant of the equation equal to zero will yield the equations
which may be solved for the resonant frequencies,&/ . Thus, in order to
obtain a preliminary estimate of the resonant frequencies of a czonical
shell, an analysis based on the vibration of a thin welled cylindrical
shell was made

The resonant frequencies of a conical shell having a small semi-
vertical engle and e small length-to-radius ratio difter oniy slightly
from the resonant frequencies of a cylindrical shell whose diameter is
equal to the mean diameter of the conical shell. A freely supported
cylinder is considered where the ends are forced to remain circular.

The slope in the axial direction is not constrained to be zero as it is
in the case of a fixed end.

The end condition at the large end of the aberrascope conical shell
structure will be somewhere between a fixed end nnd freely supported end
condition, since the fastening between the aberrascope cylindrical structure
and the conical structure will not be completely rigid. The end condition
at the small end of the conical structure will depend upon whether or not
a stiffening flange or ring is used a. the end of the shell. If a stiffening
ring is used, the end condition will be between that of a fixed end and
a freely supported ¢nd. If a stiffening flange or ring is not used, the
small end of ilhe conical structure will be a free end. Thus, the end
conditions taken for the mean diameter cylindrical shell will not corre-

spond exactly to the end conditions of the conicel shell in either case.
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v the case of a stiffening flange or ring at the small end of the conical
shell, the assumed end conditions are conservative. If the small end of
the conicsl shell is not stirfened, the actual vibration frequencies will
probably he lower than those calculated for a mean diameter cylinder.
However, the frequencies obtained from consideraticn of a mean diameter
cylindrical shell with freely supported ends should give satisfactory
approximaticns to actual conical shell frequencies tuv serve as a gulde
for the selection of conical chell design parameters for more exact
analysis.

The equations used in the calculation of resonant frequencies of the

mesn diameter cylindrical shell are:

t =211rA V/d(lE-gve) Va (1

f = <frequency - cycles per second

e

a = nean radius of cylinder
n  density of cylinder materisl
modulus of elasticity

= Poisson's ratio

> < w Y
[ ]

= frequency factor cbtained from Pigures 4, 5, 6, and 7
of refersuce paper.

;ﬁ mean circumference nTa
= Tuzial wavelength * 7 ()

number of axial half-waves

B
1]

\
1]

length of cylinder

thickness - t
m2an radius a

)

#

t = thickness of cylindzr wall
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The calculation of resonant frequencies was effected for a cylinder
fabricated of Invar. The significant parameters of the material and

dimensions of the cylinder are listed below.

E = 20x 100

P= a9

a8 = 3.25

g = 386.%

t = .05, .10, 15, .20, .25

A=

Table IX
t .05 .1 .15 .20 ,25
.0 .046 .062 .0
ol .015 31 T7
Teble X
m i 2 3 b 5
/\ 4785 1.57 2.36 3.14 3.93

Calculations were carried out forn =2, 3, &, 5 and m = 0.1, ILsrger
values of n and m would give frequencies which are too high to require
consideration.

The resu t8 of the calculations are showm in Table YT and Figures 40
and 49. Only those frequencies at integral values of n is Figures 48 and
49 have any significence. The dotted curves merely interconnect points
corresponding to the same shell thickness. From Table XI, the lowest

naturas frequency is seen to be 108 cps, which is comparavle to the motor
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Table %I

Frequency -~ cps

ol l .015 031 046 .061 077

E\E 0 1 0 1 0 1 0 1 0 1

S S T N S

2 108 930 207 955 291 971 408 | 1038 498 | 1087

3 249 531 54¢ 789 830 | 1279 i 1320 sl o 1411 | 1577

4 540 6hl, | 1079 |, 1080 | 1619 | 149k | 2199 | 2130 | 2615 | 2781

5 1 91Z 913 i 1783 | 1743 | 2656 | 2739 | 3403 | 3528 | k192 | 4358

speed of a rotating sberrascope. If the motor r>tor is properiy balenced,
the vibrational energy which is induced iunto the structure can be kept to
a ninimum below a value which might be detrimentel to the operation of
the instrument. Frequencies of vibration other than the fundsmental are
much higher than any energy source and thus will not pose a problem.

(3) Torsional Vibrations

Although tbe aberrascope structure may have torsional
vibration modes about its axis of rotation, it is not likely that this
type of vibration will cause any difficulty. The frequencies of the
torsional modes of vibration will be high and it is unlikely that there
will be disturbing forces in the aberrascope or satellite of the type re-
quired to excite these modes of vibration. No detailed analysis wes made
of the torsional vibration bpehavior of ihe aberrascope structure. However,
in order to obtain an estimate of the order of magnitude of the lowest
torsioual resonaut frequency, a calculation based on the equation for the

resonant frequency of a cylindrical tube fixed at one end end built in at
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the other was mede. A value of 1,985 cps was obtained. This indicates
that the lowest resonant frequency of torsional vibretion is high enough
80 that it will not be excited in the satellite environment.

£. Thermal Effucts

Scme discussion of structural deflections due to thermal
effectc was presented in the quarterly report of September 15, 1960. No
further work has been done on this problem.

g. Gyroscopic Torque

Juring satellite maneuvers, gyroscopic torques can be
generated by a rotating aberrascope structure. These torques could cause
defiections of the aberrascope structure or difficulty in satellite at-

titude control. The magnitude of the gyroscopic torque is given by the

equation:
T = I, Wy h)s
where:
I = moment of inertia of rotating .erzascope about its
axis of rotation
W = aberrascope angular velccity

W g = component of satellite angular velocity about an axis
perpendicular to the atcrrascope axis of rotation

A:.'.

o=

r.2 T2 3 (Ro5 ~Ra) _3m [(Ro-t)s - (Rc-t)sj
Deyl. Lﬂo + (Rg=t) ] + {10 (R°3 - RﬂS) 10 [(Ro..t)3 - (Ra-t)3j

Values of Ia corresponding tc several different combinations of
cylinder and cone wall thickness are shown in Figure 50. Using these

vaiues of I, and (W) 4 equal 90 revolutions per minute, gyroscopic torques
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for values thJ; from 10 to 60 minutes of arc per seccnd where calculated.
The torque megnitudes obtained are plotted in Figure S51. To minimize
gyroscopic torque effects, structure well thicknesses should be kept as
thin as possible consis*ent with strucwural requirements.

h. Summary and Conclusions

For purposes of analysis, a structure consisting of a
cylindrical section and two conical sections was essumed for the aberra-
scope. It is believed that this assumed structure is a good model of
the most practical design for an actual aberrascope structure. Analysis
of the response of the structure to static and dynemic loading for
saveral aifferent wall thicknesses ¢f both the cylindrical and conical
sections was made.

From consideration of static deflections, cantilever beam vibration,
and torsion vibration, the wall thnickness variations of the conical sections
over the range of velues ccncidered were not significant. The ana%ysis
indicated thet conical sections with a .050 inch wall ihickness would
meet the structural requirements relative to siatic ivads with substantial
factors of safety. A wall tnickness of .2 inches for the cylindrical
section shoula meet the static lced structural requirements. From the
point cf view of minimizing weight and gyruocope torques the walls of
both the cylindrical and conicel sections should be made as thin as is
compatible with other structural requirements. Practical limitations on
wall thickress reduction are set by consideration of thin shell vibration
support of concentrated loads and mounting attachmen®s, and in the ¢ se of
the cylindriecal section, support of the main beering. The thickness of

.05 inches and .2 inches .or the conical and cylindrical sections would
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give a totsl structural weight of about 15 pounds. These wall thicknesses

should also give sufficient stiructural strength to meet requirements of the
main bearing support, and support of concentrated loads end mounting attach-
mevts. Although the thin shell vibration frequencies for tue conical sections
have not been eveluated, approximete calculations besed on cylindricel tubes
whose radius was equal to the mean radius of the conicsl sections gevz a
lowest resonant frequency of about 110 cps for a weall iuicikness of .05 iuches.
This frequency is piobably higher than the frequency of any disturbing force
to which the sberrascope would be subjected in ectusl operation.

In general, the analysis indicates that an aberrasccpe structure of
reasonable welght will have sufficient rigidity to maintain required
instrument alignment wequirements when subjected to the riechanical dis-
turbing forces which are likely to be encountered in operation. A more
detailed investigation of thermal effects should be made, since these may
present more serious problems than the mechanical disturbing forces, par-
ticularly for an aberrascope whose structure dcse iot rotate. The sirength
and rigidity of the structure analyzed will be substantially improved with
only a slight increase in weight by use of stiffening ribs asnd flanges.

In actual design, flanges are necessary for interconnecting the structural
components. Thus, we are assured of & structure which will be coupletely
adequcte for the requirements of either a rotating or non-roteting aberru-

scope.
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2, Detall Design
On the basls cf the struitural sualiysis given above, &

preliminary design of the optical system has teez made and is shown in
Figure 52. The mechanical structure is shown to consist of thres caste
ings, two cof wbich will house mirrors and the third is the central housing,
The primary cell will mount the primary mirror, the principle light balfle
and will also provide & means of attaching the opti.-zal systeq to the balance
of the sberrasacpe. The primary mirror must of scurse be polished on its
outside diameser to minimize the possibility of cracking during assembly.
The primary mirror wili be eeated against a flange in the primary cell;
however, the mirrer wlii conbact the fiange er.lor at three points, At

" these poirts, a £ilm of alupinum tetweer 003 = ,CO5 inches thick will
, Beparate the mirpor from the fiange, Oz the back zide of the mirror,

the Testrairt will be a! thrae pnints 8o that ‘the force applied to the
back of the mirror is directiy oppcsite to the suppoert paints on the

" grent., By thie means, ro berding torques will be applied to the mirror.

The seccrdary mirror wlill be mounted in its riusing by the same
prineiple as the primary mirror, A spacer 12 showmn cetweer the secondary

' pirror face and the housing flisnge., Taz purpuee cf this spager is to

ailow for adjustment ¢f positicn of the sencdary with respect to the
primary. The final stipulaticsn cn t-e pcalticn of the focal plans is
that it be lozated appropriately with respect to the cptical system
mounting flange, In crder t0 hold the dimergion from the focal plans
to the mounting flange toc a tolersr:e of +0.005 irches, the position of
the secondary mirrcr must be adjusted, This adjustment can be effected
by changing the length cf the gpacer in fr.nd of the seccndary and by
adding (-r scbtrasiing) as appropriate spacer <2 the dack side of the
gecondary mirrox. BEST
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reg.irerintzs Tehvzen thns selisiss, nuer T !u;' stirg :‘.:,a.'.reter and Zhe cel:
mooving faze Can e meb. B mioving tre menivlsmy il 4o the central
Ecizing <n 8 f.aab facey; & mirima cf lustortion 03.xs when the ; :ﬂ]ure
are secured in piaze. "

The central Ycueing is simply a cor.tcé:;. ehell which constitutes the
n&jer portion of the :ptizal sysienm h':using-.. The material which wiii L2
used f-r this housing as well as tre mir-:y ce:: housi. s 16 lavar. Por
the first proi-type medel, 3M. ze::-mmends the use cf comerzial Invar and
Vycer brand glass #7300 (Cofning Giass Works). Thesé materials have
closely wotthed :*-:efx‘lcientg cf expandion, havever the coefﬁc:éi:tl are
lg-rger %han the cosffizient -f e:_cpanﬁ;:n of 'tusé{i siiica. In the
juerterly xg;:or;?_ GMI recommeniei the ase .cf ﬁzled si11éa for 1the
m;rror- an-:i a 1';w_e5cpgx-ieion;§1;.r:y; {IA-€85 i}oax.cea by the Oonert_n. ijnje
mg_hicﬁt‘tcnn _Gomp&j;y} f7r the structure. This Lo expansion alidy is preséntly
being @xperigente-i to lemonstrate its castability. Shoum;-cnltrigxg preve
feasibie, the combination of LA-SE5 amd fufed silice Will be used in futupe
.‘.g_itmii_:_énts, Fc\r_ the :preaeﬁt s 2ormerzial Ij;var anl Vjcor glass ;vill -ﬁéet
the métrmspt reguirsmerta; sinz: the extpéme en‘-drc:iﬁentél wép.’.oméf will
not be er:orunterel ic ébe Lirst ,;;;rft:type. 7 |

GMI is nct attempting to perfrrm say lérs -zsign or the optical syctem;
-however;, thé basiz parameters nsve cesn worked cut .an'-.‘i this. in.f'o_x"mt?.l_:.cn wili
47 4turn be suppifed to the ,Ijaéaple from whem GMI will purchase the cptics.
The rechanical cozpenefts ~f the cpticsl sy_jﬁ".tem will be fairicated "in
kouse" .and furnished to the cptical mppuei: whe muet finam mount fhe over-al
optical system spécifization.

ﬁe type of ::»pticﬁ systém wiil be a varicnt from the true Cassagrai-
in that a spherical seccndary will be used, Tié 1s known as & Dahl-Kirkham
v LRBESII. COPY
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system. The effective focal length will be 100 inches + L inches with
an aperture of % inches. This is essentially an f/25 optical system.

The system tolerances which have been established are the following:

nce on the distance from the focal plane to the mounting face

o

toler

of the optical system wiil be + 0.005 inches; the diameter of the biwr

' circle at the focal plane containing 60% of the energy will be 0.0025

inches; and the location of the focal point from the onticrl axis in
the focal plane will be + 0.010 inches. The requiremenc for a plane
mirror surface on the back side of the secondary mi;ror is for the
purpose of alignment in test of the complete aberrascope: to align the
optical sxis of the averrascope with the collimators which will simulate
stars. ’

The optical system design is such that it can be completely dis-
associated from the balance of the aberrascope; i.e., no electrical
connections are required in this unit. The two optical systems required
for one aberrascope will be identical. The problem of designing ;he
aberrascope to track a pair of stars which are noct exactly diametrically
opposed can be solved by designing a pair of wedge-shaped spacers. These
spacers will be inserted between the optical ey;tem mounting flange and
the central portion of the aberrascope which houses the error detector
and the electronics. With the use of these vedge:lhnped spacers, the
optical systems can he interchangeable and also, oﬂly the spacers need be
changed if the star selection need be changed before the design is
completed. The machining requirements with’thin type of design are thus
relaxed and the tilt between optical systems can be introduced with

spacers, not with complicated machining of the basic structure.
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C. Rotating Error Detector

The rotating error detector measures the pointing errors of the two
Cassagrainion optical systems. The electronics vhich is most immediately
associated with the error detector yields the pointing error in poler
coordinates, and additi::;l electronics converts the polar error signal to
cartesian cooxrdinates. The cartesian cocrdinate erycr ¢ -nals are used to

s

position the respective opticel systems,ltending to reduce the pointing errors
to zero.

1. Principles of Operation

Light from the Cassagrainian optical systems falls upon the

rotating knife edge prisms which are driven by a hysteresis motor. See
Figure 53. The reflected beams from the two surfaces of ;ach prism fall
upon ellipscidal mirrors, and are reflected from the surfaces of these
mirrors into phototubes. The surfaces of the inner ¢llipsoidal mirrcrc
(those closest to the prisms) are silvered in sersated bands, so thai the
light beams are optically switched alternately into one phototube and thun
the other as the prisms are rotated. ‘he electrical signals developed by the
phototubes are then combined with electronic logic to produce the error signals.

2, Opbtical System

The inner eéllipsoidal mizrors are silvered in serrated vands as

shown in Tigure Sk, Light reflected onta these mirrors sy the rotating inife
edge prism will pass through the mirrors at the clear arces and will be

reflected: at the Lilvered areas. The two inner mirrcrs are identical in
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shape and are silvered identically with the e;ccepi:ion that the serrated band
on one mirror is rotated 10 degrees in relation to the other. The relationship
is shown in Figuresk, This figure erroneously shows the silverved bands of the

two mirrors as being concentric in ordzr to illustrate the phase relationship

JU——

——

between them.

Light which is reflected from the silvered sixfaser ~¥ the inner mirrors

is reflected directly into one vhototube. Light which passes through the clear

areas of the inner mirrors falls upon the wholly silvered outer mirrors, and
is reflected into the other rhototube by another optical path.

As the prism rotates, four sequential optical situations exist. These
are illustrated in Figure 55. The situation changes for each 10 degrees of
rotation of the prism, so the seguence is repeated nine times for each
revolution of the prism. The entire sequence for one revoiution is given in
Table XII.

3. DMechanical Configuration

The error detector is contained in a cylindrical housing with

square end caps. Windows are provided at the center c¢f each end cap of the
housing to permit entry of light from the Cassagrainian optical systems into
the detector housing. Windows along the sides of the detector housing. pass
light from the ellipscidel mirrors to the phototubes. Each of the windows
mist be nigh guality plane-parallel with minimur: wedge angle. The field of
the hysteresis synchronous motor fits inside the cylindricsl housing, and the
rotor 'is suspended at each end with an air bearing. The reason for selecting
air vearings is to avoid the possibility of oil fogging the optical surfaces,
and to evoid mechanical noise. Figure 55¢ shows the optical lay out in
greater detail.
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The air bearings will probably have the shape of a hemisphere to prov:de the
rotor with both lateral and thrust support. The shafts which contlain the
knife edge prisms will protrude through the centers of the air bearings.

The electroq}c logic circuits which convert the phototube signsis to
coordinate error signals must be synchronized with the rotation of the
prisms. - To accomplish this, a coating or strin of magneti: materisl 1s
attached to the circumference of the motor rotor, amd a magnetic pickup
is placed close fo the surface. Synchronizing pilses snd reset tones are
recorded on the magnetic material, and this information 1s repeated in the
magnetic pickup as the motor rotor rotates. Magnetic shielding is used to

vrevent the magnetic field of the motor from disturbing the synchrociziﬁg

tape.
TABLE XII
Pointing Direction **
Sida A Phototube A Secs Phototube B Sees

i a+ad b+ec
2 a+c : b+d
3 b+c a+4d
L b+ d a+c.
5 a+d b+ c
6 a+¢c b+d
T b+ c a+4d
8 b+ad a+c
33 a+d P+ec
34 a+ec¢ b+ 4d
35 b+c a+d
36 b+ d 8+ ¢
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4. Error Detector logic
The required polsr error signal at end "a b" is (a-k). Similerly,
the required polar error signal at end "¢ d" is (c-d). These signals can be

obtained by switching in the seguence shown in Teble XIII and then smoothing

to obtain the polaer error signal as a function of time.

TABLE XIII
Rotor Position Error at a,b Error at c,d
1 A-~-B B-A
2 A-B A-B
3 B-A A-B
L B-A B~ A
5 A-B B-a
6 A-B A-B
[ B-A A-B
8 B-A B-A
33 A-B B-A
3k A-B A-B
35 B-A A-B
36 B-4A B-a

It is significant that this switching sequence gives the correct error
signals when both phototubes are working or if only one phototube is working.

When both phototubes are working the gein of the error signal iscX. If one
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phototube becomes inoperstive, the error signal is veduced tooc /2. It
will be necessary to include the capebility of detecting orne phototube
operation and accordingly increase the electronic gain by a factor of

2 during periods of single tube operation.

In addition to the desired error signal, there is an undesirsbls AC
signal at nine times the frequency of the rotor speed, i.e. polar error
signal. This undesirable signal can be raie=d@ v an 5 &id harmcenic of
the rotor speed hy chsnging the number of segments on the inner mirrors,
but the width of the light beams compared to the segment width limits
the number of segments which can be used.

&. Polar Coordinate Logic

A series of pulses and a burst of tone are recorded on
the magnetic materigl attached to the motor rotor. The pulses are
phased to the transition of mirror segments, and the burst of tone is
located between pulses 36 znd 1. The tone (20-40 KC) is an activation
signal for resetting the detector logic, and the actual reset is accocmplished
by pulse 1. The error detector logic is reset with each revoiution of the
rotor to prevent 1loss of synchronization which could be caused by a
stray or missed synchronizing pulse. Any error from either of these
causes can exist only for one rotcr revolution.

Pulses from the megnetic pickup are appiied to a 6 stage counter.
This counter has a capacity of 6k bits, but only 36 are used. The first

two stages of the counter (4 bits) are used to operate th2 polar coordinate

Jogic.
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Binaxry to decimel eguivalents of the counter are shown below:

7
3
\0
i
W
n

Binary Code Arable Code

00
01
10
11
100

N O

As shown in the schemutic diagram of Figure 56 a diod metrix obtains the
error signals for end "a, b". When the Flip Flop # is in the zero condition
the error signel is obtained by teking the output of phototube A minus photo-
tube B. When Flip Flop #2 is in the one condition the error signal is obtained

by teking the cutput of phototube B minus phototube A. Stated in other terms,

[+

inary counts GO and Ol yield A-B and Winary counts U and 11 yield B-A. Circuits
used to obtain the polar error signel for end "c, d" are slightly more compli-
cated but still straight-forward. For end "¢, 4", binary counts 00 and 11
yield B-A and binary counts Ol a2nd 10 yield A-B. End "¢, 4" requires 4 times
the dicde metrix circuits as end "a,b".

The filtered output of the error signal as a function of errors detector
position has the general form shown in Figure ZTa. ‘'his wave form can be

separated into its X and Y components shown in Figure 57 b and c.

AR




P

[ Je——

W=D

B

1 54

#1

-

=

¥ ¥ 2 ¥

OBTAINING POLAR ERR(RH

J

Phototube A

Phototube B

;.

Polar
Signa

Switching
1 End &, b

—* Polar Switching
S Signal End

T

A-B

B-A

(Y'Y Yo

|[]—o

-

——

- S ¢, 4
- _/
~ Y A L]
I 1ogic for end Logic for end\

a; b yields (£-B) for 2, 4 yiedds (A D) for
oo 0l and (B-A) for 00, 11 and {B-A) for
10, 11 01, 10

MY Y Y YY) MY Y Y YY)
\4\. |
N <,
I
¢ D »
To (L To \L

182

End




Er]

Volt

ror
age

| General Form of
Filtered Polar Error Signel
i

PP

\ Rotor Position (time)

N 7

! "X" Component
of Error Signal

"Y" Coumponent of
Error Signal

e

- u c
rig s 57

FILIERED O7IPUT (F IRR(R SIGNAL

183

b)




b. Cartesian Coordinate logic

The error signals b and c are in the form of a suppressed carrier.

To transfcrm these error signals into cartesian coordinates il is recessary
to use 2 synchronous demodulator. The circuit is simple, requiring only

two diode bridges and two transformers. The reference signals for the dcmodu-
lator originate in the 36 bit counter.

Diode matricies are used to determine the follewing cownts: 1, 10, 19,
28. Diagrams of these matrices are shown in Figure 58 through 61. For
the "Y" component the diode bridges are switched at counts 1 and 19. For
the "¥" ccrmponent the diode bridges are switched at 10 and 28. The same logic
applies for the error signels at both ends.

The processes required to generate the polar and cartesian coordinate error
signals resulted in significant harmonic generation at 2, h, 9, and 27 times
the rotor rotational frequency. These harmonics require filtering, and the
requirements and effects of this filtering are discusscd in the paragraph
devoted to servo problems.

The binary counter will be reset after each revolution of the motor roigr.
The tone burst will be separated from the synchronizing pulses with an audio
fister, and will be rectified and filtered to provide a reset pulse.

c. Syncnronous Demodulation

A suggected circuit for synchronus demodulation is shown in Figure 62 .
The demodulator is a conventional double ring diode bridge which requires two
transformers pei modulator. A transformer with a center taypd secondary is

used as the input for the poler crror signal. In accordance with standard

is4
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sracvice the diodes should be operated far into their conducting region during
the on cendition, perhaps half of maximum current.

References for the demodulation bridge are teken from a flip flop. The
signal from the flip flop is transformer coupled from cne of the emitter legs.
It will be noted that the flip flop hes two reset inputs, lubeled o ¢ and 1)'_lb,
and no counting input. For the "X" axis the og) input is Hrigzered by the-l
count and the 'n¢ input is triggered by the 19 coun:. For the "Y" axis the
o ¢ input is triggered by the 10 count end then-¢ input is triggered by the-
28 count.

A total of U synchronous demodulators will be required for each error
detector.

The circuit shown was selected because it illustrates the important
functions while remaining free of electronic sophistication. It is

recognized that the final circuit will have muny refinements.
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D Articulavicn of Retaving Error Detector

1. Detector Mounting

The rotating error detector must be mounted at the center of
*he aberrascope such that the axis of the rotating knife edge is parailel
with the cpiical axis cf the idnstument. Of the six poscsible degrees
of freedem, this rotafing error detector musv be capable of having
four, “wo in translation and two in rotation. Restreint me~ Le pro-
vided fcr the other two possible degrees of freedom: roctation about the
optical axis and translation along the optical axis. The straightforward
manney in which this can be accomplished is by mcunting each end of the
rctaling error dctector in a pair of linear slides as in machine tools
where the vertical slide is carried on the horizontel slides. This,
of course, is a complicated method of accomplishing the end result and
involves many sliding surfaces. In a hard vacmmm environment, it is
necessary to keep the number of moving parts to o minimum; thus tue
approach of one slide upron another will be rled out.

Considerction was given to the use of linkages t¢ perform the
required task, but the difficulty here is the cross coupling between the
horizontal and verticsl motions. To separate the two, one mechanism would
be reguired tc cerry the second mechanism, again involving a large
number of parts. The most desiruble mechanism is one which could provide
independent motion.

Since the final motion required is simply a translation /the rotation
of the error detector package in a given plane can be effected by difference
in translation of the two ends), consideration was given to using simply
four push-rcds to articulate the ends of the error detector. Restraint

from rotat.on about the optical axls could be provided by shaping the <i:ds
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of the push-rod like a "crow's foot". An end view of the error detesctor with

the push-rod drives is shown in Figure 63.

Rotating Knife Edge Vexrtical Drive Rod

j‘/——-Error Detector Package

] Horizontal Drive Rod

I

|
(|

)

kY

Horizontal Drive |\
Spring Return

Figure 63
Vertical Drive Spring /
Return ERROR DETECTOR SUPPORT

AND ARTICULATION SYSTEM

The ends of the rotating error detector will be shaped as a square and
thus the horizontal push-rods shaped as shown in Figure 63 will prevent
rotation of the entire package.

The requirement that nn rotatimn ~f the entire paclkage take place
should not be confused with the reouirement that the knife edge rotate
inside of the packege.

Figure 64 illustrates the side view of the detector mounting.
Restreint along the optical axis is provided by meking the end of one of
the push-rods a spherical end. This spherical end is seated in a precision
"y" groove normal to the optical axis. Only one svch axial rustraint can
be provided; it is obvious that two such restraints would yield a redundant
support. Thus, if the vertical drive articulates the error detector
packege, it will simple slide across the faces of the horizontal drive-

rods.
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Inbrication of these surfaces can be accomplished by the use of
molybdenum disuifide. This lubricant is suitable for surfaces where
sliding contact is taking place.

2. Detector Drive

As mentioned above, the ercor detector package will be
articulated by four push-rods; two in the vertical plane and two in the
norizontal, plane. The package will be retained in uniges with four
additional, push-rods which will spring load the detector package against
the driving push-rods.

Figure 64 illustrates a drive mechanism which uses sexrvo motors.
3ize 8 components are envisioned. Each motor (four are necessary) will
have a gearhead and a tachometer, the tachometer will be used for rate
feedback into the servo loop. The motcr will drive one stage of external
gearing which in turn will rotate a cam. A cam follower roller will be
attached to the push-rod; thus the rotation of the cam will be transmitted
into linear motion of the push-rod. The rise of the follower roller will
be linear with respect to .the rotation of the cam. The cam center will be

offset from the push-rod axis in order to provide an advantageous

pressure angle to the follower roller. The cam becomes the critical element

in the design; however, the accuracy requirement on the cam is not
poaitional accurascy but that the incremental changes in the alope of
the cam be no greater than 20% of the average slope. This is true
because the servo motor will finglly drive the error detector package
to the point where the stellar image impinges on the center of the
knife edge.

Tn Figure 64 a synchro is shown geared to the cam and servo motor.

The purpose of this transducer is to indicate the satellite attitude error;
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the attitude errcr in the plsne whizh inciudes the synchro is “he differ-
ence between the synchro signeis from the two ends of the error detector
vackage.
Previously in this repert, it wzs mentioned that the maximum displace-
ment which the error detector would experience {normsl to the optical axis)
- ves plus or minus 0.10 inches, both in the horizontel and veriticel direc-

tions. This represents a capability of trackings ziellsr “iweges Chru

tn

2 range of 400 seconds of arc. Assuming t&ntativély thet the cam will

rotete 320° in crder to provide the plus or minus 0.10 inch travel, if

- the syachro is geared directly to the cam, the scaie factor at the synchro

=- will be 430 seconds of arc of attitude error per synchro revoiution. Con-

i sidering synchro accurecy alone, the capability then exists of measuring
attitude errors to an accuracy of 0.1 seconds of arc.

The motor-tach-gearhead unit and associated gearing, cam and synchro

[———
*

can be mounted as an integral sub-assembly. Two such sub-assemblies

[ Te———y

would nest into one area of the main sberrescope hcusing; an area which

{' can be designed ¢ be completely sealed from the ambient environment.

¥

The push-rods will of necessity be required to emerge from the sealed

P

area; however, these rods can he sealed with metal bellows since

the range of linear motion is so small. Thus, there will be two sealed

1 e

areas in the main aberrascope structure; these areas will e located at

i- right angles to each other (with respect to the optical axis).
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E. Photomulitipl:er Crnfigurati-n

-

In the previous Jusrterly report,gl consideration was given to the
arrengsment of the photomultiplier tubes to previde s maximum of
reliability. Twe aifferent types .f mounting systems vere considered.
One was the conventionsl type :f system which we called Type I where
each stellar imege was uniquely assccisted with only one photomulitiplier
tube. The incoming energy upon strikisg 8 knife edge prism would be
directed to the vhotcmuitiplier iube sfter passing thruw & chopper from
either of two paths fr m the wwo fazes of the kaife edge. The tvo
telescopic systems would e completely independent of each other as
far us tae detection system is cercernsd. Tf the'prcbability of
Tailure of one photomultiplisr tube is designsted as Des then the
probability of failure of tl: entire aterrascope system (which involves
two aberrascoyes) expressed as 1ff is the follewing:

Tp = [pf(2-pf}]2 +2pf‘:2-pf)(l'Pf)2

In an slternste sysuem which we calied the Type II system, the stellar

3

imsges from both stsrs were combined i~ x wrimiz chepping system such that
cach of the twd photomultip:iers rersivia energy from both stars. While
the Type I system blocksd cut the stellar enexgy 50% of the time, this
(Type II) system utiiizes s_l the inc-ming energy 100% of the time. Agein,
if Py is the probabilitv >f fsliure of one photomltiplier tube, the
probabllity of failure of the aberrasccpe system 7 e 1s given as folliows:
Te = pfh +2 pr t1l- pfg'.'
The probability of faiiure functlons for the twe types of systems are

shown in Figure 59. The advantage ¢f the Type II system is shown quite

forcibly in Figure 60. If the probability of failure of the individual
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photormltiplier tubes is nct grester than 0.1, then it can be seen that
the Type II system has an advantage of & factor of 17 over the Type I
system. It is probsbly doubtful whether a phetomultiplier tube would be

considered for use if its probability of failure was greater than 0.1
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F. Position Measuring Device

It has teen mentioned already that the final output of the
aberrascope will he the data obtained from measuring the displacemeut
of the center of the error datectoer package. Thiz ressurement will be
accomplished by means of a pair of interferometers: ome in each of the
two significant planes (Liorizontel and vertieai}., The isterfercmeter
will simply produce Newtonian fringes in 2 psittern of conceantric circles.
We are assuming here that the central element on the error detector has
& spherical surface so that the attitude changes of the satellite which
will cause the error detector package to pivot about its center will not
cause changes in the number of fringes.

With the use of helium light, the distance between fringes vhich is
one-half wave length will be 11.6 x 10~ inches. Taen the change from a
dark area to a light area will be one-half of this distance or 5.8 x 10’6
inches. By using a photo sensor to detect either a dark or light aree,
an electrical on~off type signal will be produced for every displacement
larger than 5.8 x 10°6. In terms of angle in the aberrascope, this rinimal
displacement repiesents 0.012 sacrods of arc. Since +his measurement is
made at the center of the knife edge, the actual error sensitivity will be
twice as large, or 0.0Rk seconds of arc. This 1llustrated in the sketch
below.
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Thus, the error sensitivity capability is more than adeguate to mect
the requirements of the refractica measuring aberrascope.

It can be reccgnized that a single photo sensor will not be
able to distinguish between the increase or decrease of the distance
between the fixed and moving elements of the inierfercmeter. ‘lhis
#ioblem can be circumvented by using two sensors: the spacing between
positions will be such that while one is sensing & dark =res the ctier
is sensing a light area. The fact that the second sensor is observing
either g light or dark area while the Tirst sensor is changing from

light to dark will establish the direction of the motion.
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VI. CONFIGURAIION OF STAR TRACKERS

Since we are required to know procisely which ster is being
occulted at a giver time in order to derive useful infcrmagion, it
is necessary that we employ star trackers for collecting the basic
data. By measuring beth the time of ingress and the time of egress
of each star it is possible to derive two transit¥* time measurements
from eack star tracker during each rot ation ef xhc 2zi--l.te. Thus
& minimum system rcguires that we use at least 2 star trackers.

However, for certain orbits, 2 of the 3 stars can be occulted
by the earth and sincz cne star is inadequate to maintain the inertial
orientation of the star trackers, a problem of reacquiring the stars
is presented. If we 2dd a fourth ster tracker end arrcnge them as
shown in Figure 67 at least two stars will be in the field of view
at all times. Thus we will be abie to maintain continuocus altitude
control and, depending on the orbit, we will have either k4 or 8 star
transit time measurements per sateliite, rotation.

With the arrangement shown in Figure 67 the stars are picked in
diametrically opposite pairs which are arproximately orthogonal to
one anocher. Tne star selection is made in this manner because of

* the possibility of mounting the two telescopes back-to-back and
canceling their alignment errors by rotating them about their common
optical axis; also in this way the refraction of the starlight which
ig passing through the earth’s atmosphere can te more accurately

meagured if it is compared with its diametrically opposite companion.

*¥Tne word 'transit” in this case 1s taken tc mean "the passage of a smaller
body across the disk of a larger". Thus an ingress and an egrees of a
given star represents two transits across a planetary limb.
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Assume that the orbit is such that cnz paic of stars is never
occulted Dy the earth. In this cace there will be only L star transit
+time meesurements per rotation and we do not have enc.gh information
to eompletely define the elements of the orvit. Sirce we can deber-
mine the semi-major axis from one complete rotation, the remaining
information enables us to calculate all the other orbital elements
except the orbital i;clinaticn. Since the Znclinsii-~ of ihe crbit
relative tc the equetcrial plane is constant, & previous determina-

ion of this parameter could be used. Another method of deriving
the orbital elements in the special case where only one peir of stars
is occulted is to measure the transit time of ingress or egress of
the sun. This would involve the addition of some extremely simple
instrumentation to the btasic systew and along with the star transit
times would provide a tasis for calculating all orbital parameters
directly.

Irn order to better understand the problem of star selection for
various orbital planes, consider Figure 68. In this figure we have
shown the transit boundaries for one, twe and thrie aberrascopes.

In drawing these transit boundaries a 300 n. mile circular orbit was-
assuwed. In this case toth members of each Glametrically opposite
pair can be tracked over a central arc of about 4i° as shown. For

the case in which one star pair is used, orbits which lie within 22°* of
the XY plane will involve no occultations. All other orbits will
invoive at least U4 star transits. For the case in which two star
peirs are used, the least number of occultations is seen to be 4.

This cccurs for orbital incliration lying within 22° of either the

X<Z o. ¥Y-7 planes. For all other orbital inclinatiors 8 siar

20k
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{iransits will be observed. 1In the last case with 3 orthogonal star pei
either 8 or 12 star transits will Te observed. The shaded areas of
Figure 68 denote positions where no stars will be occulted.

The transit boundaries chown in Figure 68 are dependent on the
positions cf the siers only and earth's pole or the plane of the orbit
may be in any position relative to these patterns. For most orbits, it
is only nccessary to track 5 stars end for thic cuoe <7177 & or 8 star
transit time measurements will be obtained wer rotation. If the plene
of the orbit should happen to intersect with the plane defined by the

two pairs of diametrically opposite pairs, the error in the computation

of the orbital plane,.n and i will be very large as shown in Section IV-c.

The two major problems in tracking two diametrically opposite
star pairs are that (1} in certz2in cases orbits can be obtained in
which only 4 star transit time measurements are available, and (2)
large errors will exist in the calculation of the plane of the orbit

if it coincides with the plane of the stars.

\\n

Figure 69

Star Tracker Geometry
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In ordexr o cirsumvaa*t these two problems one might consider a
geomebrical arrengement of L4 star trackers in which the angles hetween
all of the stars are the same.

yith the plenar configuration shcwn in Figure 69 as a starting condi-
tion, assume Q -~ 1A80° @ = 90°, Ye now wish to increase’)] until ¢ =9,

Therefore, from the geometry we mey write

© = 180 - 27

&
cos (g) _ cosh

S NE

Therefore
-1 ,coe)
2 cos™t (= o 80 - 27
tan'h = —l—
\/2
M = 35° A7

Thus we nov have an arrangement of star trackers in which the
angles betwezn all of the stars are the same and equal to 180° - 2(35° 17')
= 109° 26'., This is shown in Figure 70. We now no longer have all k
stars lying in the same planc, tut we have 6 different planes. Because
of this there is no degeneracy in the calculation of any of the orbital
elements, In addition, if the altitude of the orbit is not zreater than

800 n. miles, & star transits will be obtained Tor all orbitel inclinations.
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It i5 not poesivle to specify a preferrad geometrical crrangement

of the 4 star trackers which is the best one for a completely self-

contained nevigation. In general, one must consider:

1)
2)
3)
k)
5)
6)

the

the

semi-ma jor axis,
eccentricity,

orbital inclinetion,
ergument of the perigee,
longitude of the nodes, and

shape of the planet 82 it effscts the rate of

change of 4) and 5).

A coni;iguration of star trackers should be zelected which provides:

1)

M)

)]
/

Lo
~—

8 minimum of five stellar transits per rotationm,

+ha
vess

sinimum/maxinum values of the error parametric

sensitivity coefficients, and

the

simplest or most precise 4

measurement of star transit time

trmments for the
s.
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